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1. The educational significance 1. The educational significance

of whole number arithmetic of whole number arithmetic
-- a reflection on Piaget’s ambition -- a reflection on Piaget’s ambition
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During several decades, Piaget had a big impact on the field of Prehistoric man
mathematics education.

In 2008, however, the Final Report by the U.S.A. National
Mathematics Advisory Panel announced that his “highly influential
theory” has “consistently been shown to be wrong.” A child’s early life (0—12)
It is a shame that such a prominent figure exited the field in such a
quiet way, without the serious discussion and reflection he deserves. The fundamental hypothesis of genetic epistemology is that there is a
parallelism between the progress (that our species) made in the logical

I would like to start with a brief reflection on Piaget’s ambition, and rational organization of knowledge and the corresponding formative
which may inspire our careful consideration of the educational psychological processes (of a child). (Piaget, 1969,p.4)
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the progress (that our species) made in the logical and the progress (that our species) made in the logical and
rational organization of knowledge rational organization of knowledge
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the corresponding thitdastaarlyslfh (0egik2) processes (of a child) the corresponding formative psychological processes (of a child)
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: : ) ) ) ) ... we are not very well informed in the psychology of primitive man,
With this hypothesis, the most fruitful and the most obvious field of but there are children all around us. It is in studying children that we

study (of epistemology) would be the reconstituting of human history — have the best chance of studying the development of logical

the history of human thinking in prehistoric man. knowledge, mathematical knowledge, and physical knowledge.
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Therefore, “the most fruitful and the most obvious field of study (of
epistemology) would be the reconstituting of human history — the history
of human thinking in prehistoric man”. [Piaget’s ambition]
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There are children all around us. It is in studying children that we have
the best chance of studying the development of logical knowledge,
mathematical knowledge, and physical knowledge.
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The fundamental hypothesis:

There is a parallelism between the progress (that our species) made in
the logical and rational organization of knowledge and the corresponding
formative psychological processes (of a child).
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The educational significance

of whole number arithmetic
BHERNHBERNX

Not under any | the progress (that our species) made in the logical and
influence rational organization of knowledge
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Under the influence of adults
(some kind of education

the corresponding formative psychological processes (of a child)
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... we are not very well informed in the psychology of primitive man,
but there are children all around us. It is in studying children that we
have the best chance of studying the development of logical
knowledge, mathematical knowledge, and physical knowledge.
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Other flaws of Piaget’s theory

Recapitulation Theory of Ernst Haeckel (Ontogeny
recapitulates phylogeny), from which Piaget’s fundamental
hypothesis was derived, was discredited.
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¢ Some of Piaget’s classic research were disproved.
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Romanes's 1892 copy of Ernst
Haeckel's embryo drawings

However, Piaget’s hypothesis is inspiring...
2 - RIZRWREMA B R M
AzmES

The history of mathematics

The process of individuals learning mathematics
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Based on the discussion above, we may form the following hypotheses using
common sense:
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1) To a certain degree, the process of a child developing mathematical
knowledge parallels the history of the development of mathematical
knowledge of our species. Thus, the history of mathematics may to
some degree inspire our mathematical education. For example, the order
of introduction of number types should mirror that in history. Whole
number arithmetic, the earliest set of mathematical knowledge of human
beings, becomes the start point of a child’s math education.
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2 ) Because the process of a child attaining mathematical knowledge is guided
by existing mathematical knowledge, the organization and presentation of
mathematical knowledge will have a substantial impact on their learning.
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Based on the above two statements ( 2T LR - BBA)

1) Whole number arithmetic is significant for mathematical education.
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2 ) Given that there are multiple ways to organize and present whole
number arithmetic, one that embodies the spirit of the discipline better
would be more valuable in terms of students’ learning mathematics.
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2. The two traditions of

whole number arithmetic
MPEHER

1. Primitive whole number arithmetic FREZEHER
a) Arabic numeral system pIHi{E%F
b) The algorithms of the four operations  uRzEEEN)
School whole number arithmetic /h\ZEgEAR
a) Arabic numeral system [E%S
b) The algorithms of the four operations MEE AN
c) A mathematical theory with the model of The Elements
PUARA) AsREINNFERIES

The efforts to construct the theory of
school arithmetic

In the mid-nineteenth century, with the movement toward
public education in the U.S. and Europe, mathematical
scholars participated in producing elementary school
arithmetic textbooks. Their exemplar was Euclid’s Elements,
the most influential mathematics textbook in history. These
scholars followed the approach of The Elements, striving to
establish a mathematical theory of school arithmetic. Near
the end of the nineteenth century this theory was close to
complete.

Ma, 2013, A Critique of the Structure of U.S. Elementary School Mathematics

A correspondence between The Elements

and the theory of school arithmetic
INFEREBICS (RA) MoR2ZWER

The Elements (&) Theory of school arithmetic

e Definitions &X <---> ¢ Definitions

e Postulates 4 <---> ¢ Principles (e.g, number of same unit...)
e Common Notions A#<> e |aws (e.g., commutative law...)

* Propositions g <---> ¢ Statements (e.g., inverse operations...)

The efforts to construct the theory of
school arithmetic

1850—1960
=
=,

II|-—.
et .

3. The theoretical core of school whole
number arithmetic
INBEEE AR IR

e One basic concept — unit (—1EA#E= : #fi—)

¢ Two basic quantitative relations:(mrEsuEL%)
— The sum of two numbers (F& =z )
— The product of two numbers ( &% )

The basic concept of Unit

Defimition of Unir
One, or a singhe thing, is callod a wif or wnif one.

A group of things, if considered as a single thing or one, is also called a
Y, B 1l ane, OF 3 one.
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A o of things, iF considencd as  single thing or onc, is alis

Fig 1: The definition of unit

(Discussion: “Unit,” indeed, is a self-evident concept for us. The definition of “unit”™ has
three levels of abstraction: one thing; one; and a group of things considercd as a single
thing or one. These three levels of abstraction are the comerstones from which the two
basic quantitative relationships are derived.)

Definition of Number
A number is a unit (one) or a collection of units (ones).




The sum of two numbers

Definition of the sum of beo numbers

The sunt of two numbers is a third number which contains as many units as the
other two numbers taken together,

First number Second mumber
e,
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Sum (Third number )

i the sum of two numbers is derived Ir he definition of
I, heless, is only related to the fi nience in the
definition of “ur ¢, o a single thing, is called a it or unit one.”)

Defining addition and subtraction

The product of two numbers

Definition of the product of two numbers

The praduct of two numbers is a third number which contains as many
units as one number being taken as many times as the units in the other.

Second mamber (3)
(The mamber of its uzmts decides bow maery of the
other mamber being taken)
P

Farsd mmunibey (4 s the inmuber bewmg taken

Product (Third number)

(Discussion: The definition of the product of two numbers is also derived from the
definitions of “unit” and of “number.” However, the second sentence in the definition of
unit, “A group of things, if considerced as a single thing or one, is also called a wnir, a wnit
ame, or a ene,” plays a critical role. The third level of abstraction in the definition of “unit™
is reached now.)

Defining multiplication and division

Quantitative relationships in school
arithmetic: from basic to sophisticated

When students, learning school whole number arithmetic,
tend to consider 3 + 2 as a sum, 5— 2 as a difference, 3 x4
as a product and 15 + 5 as a quotient, they have attained the
ability to analyze quantitative relationships, not only simple
ones, but also relatively sophisticated ones. For example,

(2 +3) + (6 —5), the sum of a sum and a difference, or,
(20—-2) x (3 + 1), the product of a difference and a sum.

This ability, obviously, will prepare them well for moving

on to higher-level subjects such as algebra.

An example of the sophisticated problems
that school arithmetic can solve

Diophantus' Epitaph (About 250 B.C. Greek mathematician)

This tomb hold Diophantus Ah, what a marvel!

And the tomb tells scientifically the measure of his life.

God vouchsafed that he should be a boy for the sixth part of his life;
when a twelfth was added, his cheeks acquired a beard;

He kindled for him the light of marriage after a seventh,

and in the fifth year after his marriage He granted him a son. Alas! late-
begotten and miserable child,

when he had reached the measure of half his father's life,

the chill grave took him.

After consoling his grief by this science of numbers for four years,
he reached the end of his life.

(5+4) + (% -1/6-1/12-1/7) =

L [

5 years 4 years




The four components of school arithmetic

i The theory of Traditional R
Algorithms of the
four operations school types of word
with Arabic arithmetic problems

numeral system

* Pictorial
problems
o * Travel « Word
. De.ﬁn.utlons s Pursuit questions
* Whole number * Principles * Work « Line section
.

L S Plumbing -
* Fractions « Statements * Terminology

Primitive
Arithmetic
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4. The two cornerstones of learning

school whole number arithmetic
B ERYFRER

1. Basic skills (mainly, but not only, from
primitive arithmetic)
HARRE
2. Basic concepts (mainly from the theory of

school arithmetic)
BN

Chinese culture has a tradition of paying attention to “foundations.”

| consider that a main reason why China embraced, applied,
enriched, and improved school arithmetic for more than five
decades.

In the U.S., the efforts to construct the theory of school
arithmetic fell apart during progressive education. The subject
was abandoned in early sixties of last century.

Chinese culture has a tradition of paying attention to “foundations.”

| consider that a main reason why China embraced, applied,
enriched, and improved school arithmetic for more than five
decades.

In the U.S., the efforts to construct the theory of school
arithmetic fell apart during progressive education. The subject
was abandoned in early sixties of last century.

Inspired by
Bourbaki
|

5. The concern of premature “algebra”
TESIHAEBE N
* The trend of “pushing” algebra down to early
grades of elementary school
— Starting from the US
— Motivation: middle school and high school
students in the US are not able to do algebra
* Concern
— Solutions:

¢ A) To start teaching premature “algebra” early

¢ B) To learn school arithmetic well and lay down a solid
foundation for real algebra




