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Abstract 

 

We show that the minimum standard of  living can exist in a first best income 

distribution. The social evaluation function used in our model incorporates social 

value judgments of  egalitarianism and individual desert. The combination of  the 

social objective of  rewarding those who deserve and the objective of  egalitarianism 

leads to a minimum standard of  living for those individuals at the bottom of  

income distribution. We also explore how the value judgments affect the income 

tax structure.  
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1. Introduction 

The minimum standard of living is usually defined as the threshold level of 

income for a minimum acceptable living. Such a threshold level is sometimes identified 

as poverty line in the study of poverty (see Sen (1976)). In practice, many social welfare 

programs exist over the world to ensure poor individuals to achieve a minimum 

standard of living. For example, China established an explicit program to implement 

minimum standard of living (see Chen and Barrientos (2006)).  The minimum wage 

legislation is also aimed at allowing working people to achieve a minimum standard of 

living. 

There are several basic questions concerning the minimum standard of living: 

why is there a threshold level of income called the minimum standard of living? Who 

decide the minimum standard of living and how is it determined?  Such questions 

have been investigated from different aspects. To mention only a few examples, 

Boulding (1962, p83) describes the distribution such that “society lays a modest table 

at which all can sup and a high table at which the deserving can feast”; Sharif (2003) 

provides a behavior analysis of the minimum standard of living; Lewis and Ulph 

(1988) pointed out that commonly used individual utility function and social welfare 

function cannot give a threshold level of income, and they derive a threshold level of 

income by assuming non-perfectly divisible commodities. In optimal taxation 

literature, a threshold level of income can also be derived in a second best income 

distribution under incentive constraint, which is called bunching in the optimal 

nonlinear taxation (see Weymark (1984)).  

In this paper, we provide another explanation and show that social value 

judgments can lead to a threshold level of income in the first best choice. Any social 

choice or social policy evaluation involves value judgments. (Usually we assume 
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there is a fictional social decision maker with social value judgments). To specify 

explicitly value judgments, social evaluation function or social welfare function is 

used in economic studies. We do not restrict ourselves to use only welfarist social 

welfare functions, as in many literatures concerning income distributions. The Social 

welfare function (to distinguish it from the welfarist social welfare function, we 

hereafter referred it as social evaluation function) used in this paper is a function of 

individual incomes; it expresses the value judgments of a fictional judge or policy 

maker, see Creedy (2007).  We try to answer the following question: what kind of 

social evaluation function can lead to the existence of threshold level of income? 

What kinds of value judgments are involved in it?  Our main result is that if the social 

evaluation function has the following form:  

)](,),(),(min[)()1( 211 n

n

i ii xuxuxuxuW Lθµθ +−= ∑ =
,               (1)  

where 0≥iµ is the weight attached to individual i  with ∑ =
=

n

i i1
1µ , and θ  is 

the weight assigned to the worst off individual with 10 ≤≤ θ , then in the optimal 

income distribution with lump sum transfer, there exists a threshold level of income.  

In the optimum, all individuals with weight µ  less than a certain level receive the 

same level of income, while the incomes of other individuals increase strictly with 

their weights in the social evaluation function.  

The social evaluation function looks like a combination of weighted 

utilitarianism and Rawlsian egalitarianism. We interpret the curvature of function u  as 

the inequality aversion of the fictional social decision maker. The weights iµ  attached 

to individuals and the weight θ  to the worst off individuals play important role in our 
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model. The weight iµ  can represent the fictional social decision maker’s value 

judgment on the desert (or power) of individual i . An individual who is considered to 

deserve more will get more income than an individual who is considered to deserve less. 

The weight iµ  provides a way to describe the important idea of individual desert which 

is largely ignored in economic analysis.  The weight θ   represents the value judgments 

of egalitarianism, which tends to give each individual equal income. The compromise 

of such opposite effects leads to a threshold level of income, which is the minimum 

standard of living.    

A natural question to ask is how the weights iµ  and θ  and the function u  are 

determined. These parameters represent the decision maker’s actual value judgments 

and can be derived from the revealed preferences. Therefore, we are interested at value 

judgments that are used actually in decision making rather than value judgments that 

should be used. 

We apply the model to income taxation. We consider a special social value 

judgment of desert that is based on the proportional principle by Aristotle, so that the 

individual weight is proportional to the pretax income. We obtain minimum standard of 

living for the poor, and we also obtain interesting result on the regressivity or 

progressivity of taxation based on social value judgments, without appealing to the 

equal sacrifice principle. Income is progressive or regressive depends on whether the 
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Arrow Pratt coefficient of function u is greater or less than 1. This implies that 

progressive taxation is the outcome of high social inequality aversion. 

The rest of this paper is organized as follows.  Section 2 derives the optimal 

income distribution for social evaluation function (1). Section 3 discusses why it is 

appropriate to use social evaluation function (1). Section 4 discusses the implication in 

income taxation.  Section 5 is the conclusion. 

 

 

2. Deriving minimum standard of living in the first best 

income distribution 

Before we look at whether it is reasonable to use the social evaluation function 

(1), we first derive the optimal income distribution of a fixed total income w  among 

n  individuals (or any social units such as households) that maximizes the given social 

evaluation function (1). The function u  is concave and lump sum transfer is possible. 

A feasible income distribution is a vector ),,( 1 nxxx L=  such that 0≥ix  and 

∑ = wxi . (Without confusion, we also use ),,( 1 nxxx L= to denote the optimal 

income distribution in the following.) We rank individuals according to their weights 

so that nµµµ ≤≤≤ L21 . To remove some tedious mathematical notations, we first 

assume that nµµµ <<< L21  to get our main results. For the general case with 

nµµµ ≤≤≤ L21 , we only need to regroup the individuals and use similar proof. We 

will come back briefly to this issue later. Theorem 1 in this section is our main result. 

In Proposition 1 we provide an easy way to solve the problem of optimal distribution. 

To prove our main result, we first prove two lemmas. Lemma 1 shows that 
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individual 1, who is the individual with the lowest weight, has the lowest income. 

Lemma 2 shows that the ranking of individual incomes in the optimum is the same as 

the ranking of individual weights. The proofs use the Kuhn-Tucker theorem, and we 

put them in the appendix.   

Lemma 1: In the optimal income distribution, individual 1 has the lowest 

income, i.e., 1xxk ≥  for all 1>k . 

When 0=θ and u  is strictly concave, the first order condition 

ijji xuxu µµ /)('/)(' =  implies nxxx <<< ....21 . An individual with strictly higher 

weight should have strictly higher level of income. This is no longer true with 

egalitarianism consideration (i.e., 0>θ ). Two individuals with different weights 

may end up with the same income.  The lemma implies that no matter how egalitarian 

a social decision maker is, the individual with the lowest weight cannot be strictly 

better off than any other individual.  

Lemma 2: In the optimal income distribution, we have nxxx ≤≤≤ ....21 . 

This lemma implies that even with egalitarianism consideration, individual 

with higher weight should not end up with strictly less income than those with less 

weight. The ranking of individual income should respect the ranking of individual in 

the social value judgment.  

Given the above two lemma, it is easy to show our main result: (see appendix 

for proof).  

Theorem 1: To maximize social evaluation function (1) with nµµµ <<< L21 , there 

exists a unique value *
k  such that in the optimal income distribution,  

nkk
xxxxx <<<===

+
LL

121 ** . The value of *
k  is determined as the smallest 

number { }nl ,...,1∈   such that ∑ = + −−<
l

j jl1 1)1( µµθθ . 

Therefore, in the optimal income distribution there is a threshold level of 
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individual weight so that individuals with the weight less than the threshold level have 

the same income, and other individuals have income strictly increasing with their 

weights. The threshold level of income in the optimum for the poorest *
k individuals, 

denoted by x , can be considered as the minimum standard of living. If we assume 

that the weight of an individual is proportional to his pre-redistribution income (we 

will discuss this assumption in the next section), individuals from 1 to *
k  can be 

categorized as the poor in the study of poverty and x can be explained as the poverty 

line.  

It is interesting to note that the threshold value *
k  is independent of the form 

of function u  and the level of total income w . The intuition behind this fact is that the 

ranking of individual incomes is determined by the ranking of the individual weights, 

independent of the total wealth and the curvature of function u . When total income 

and the social attitude towards inequality change, the threshold value *
k  will not 

change, but the level of minimum standard of living will change.  

To find the threshold value *
k , we can follow the following steps: if 

))(1( 12 µµθθ −−< , then 1* =k . Otherwise, if ))(1( 12 µµθθ −−≥  but 

3 1 3 2(1 )( )θ θ µ µ µ µ< − − + − , then 2* =k , and so on.  After calculating the 

threshold value *
k , the optimal income distribution can be calculated using the 

following proposition: 

Proposition 1. Once the threshold level *
k  is determined, the optimal income 

distribution maximizing (1) can be calculated by maximizing the social evaluation 

function 
1

( )
n

ii
W u xµ=∑ , where 

*

1
1

*

*

)1(

k

k

i

k

∑−+

===

µθθ

µµ L and (1 )j jµ θ µ= −   

for  *kj > . 

Proof: see appendix. ■ 



 8  

We can see from proposition 1 that egalitarianism consideration takes effects 

through changing the individual weights. A weight θ  on egalitarianism reduces the 

high individual weights proportionally by a factor of θ−1 , and make the rest of the 

low weights to an equal level.  Thus, the optimal income distribution with 

egalitarianism consideration can be solved through a standard problem of optimal 

income distribution (without egalitarianism consideration). This greatly simplifies the 

problem.   

Since *
k  is the smallest value of l  such that ∑ = + −−<

l

j jl1 1 )()1( µµθθ  and 

the ratio θθ −1/  is an increasing function of )1,0[∈θ , it is clear from Theorem 1 that 

as θ  increases, the number *
k  of individuals with the minimum standard of living  

increases. We can also prove the following proposition:  

Proposition 2. Holding other things fixed, an increase in the weight on egalitarianism 

will increase the threshold level  *
k  and increase the level of the minimum standard 

of living. 

Proof: We use (8) in the appendix and use the fact that as θ  increases, iµ / 1µ  

for 1>i  are decreasing function of θ . The detailed proof is omitted. ■ 

Thus, a more egalitarian society will set a higher minimum standard of living. 

If we consider the threshold level of income as the poverty line, then a more 

egalitarian society will set a higher poverty line and categorize more individual as in 

poverty.  

We have proved our main results for nµµµ <<< L21 . For general cases 

with nµµµ ≤≤≤ L21 , we can group individuals according to their weights in the 

social evaluation function. Individuals with the same weight should have the same 

income (if not, equalization of income among them will increase the value of the 

social evaluation function W  because u is strictly concave). Suppose there are j  



 9  

different groups. There are in  individuals in group i , each with weight iµ  and with 

the same income ix , and nnn j =++L1 , jµµµ <<< L21  . The proof for the 

general case is very similar to the case already discussed. For example, the 

Lagrangian in lemma 1 becomes:  

∑∑ ≠
−−−−

−+++−++−=

ki iki

j

ii

jjkkk

xxwxn

xunxunxunL

)()(

)()1()(])1[()()1(

1

111

λγ

θθµθµθ LL

 

We omit the proof here. For the general case, there is still a threshold value *
k  

such that jkk
xxxxx <<<===

+
LL

121 ** . Individuals in the first  *
k  groups (the 

poor) all have the same income, which is the minimum standard of living. Other 

individuals’ income is strictly increasing with their weights. The threshold value *
k  is 

the smallest number {1, , }l n∈ L   satisfying 111
))(1()1( +== ∑∑ −<−+ l

l

i i

l

i ii nn µθµθθ , 

or equivalently, ∑ = + −−<
l

i ilin
1 1 )()1( µµθθ .  To find the optimal income distribution, 

the weight in proposition 1 is calculated by  

∑

∑−+
===

*

*

*

1

1
1

)1(

k

i

k

ii

k

n

n µθθ
µµ L . 

 

3. Is the social evaluation function (1) reasonable?  

We have shown that if a fictional social decision maker has a social evaluation 

functions with form (1), he will set a threshold level of income as the minimum 

standard of living, and he will give higher income to other individuals with higher 

weights. Now we need to ask whether it is reasonable to use such a form of social 

evaluation function in social decision making. Are there justifications to use such 

evaluation function to describe social decision making? Can it have relevant empirical 

significance?   

In social decision makings (or more generally, any collective decision making) 



 10  

different decision makers can make different choices under similar context.  This 

implies that different social evaluation functions are used, and the social value 

judgments are different. As a general form of social evaluation function, the social 

evaluation function (1) includes two forms of widely used evaluation function as its 

special cases: a weighted additive social evaluation function ∑ =
=

n

i ii xuW
1

)(µ  and a 

Rawlsian maximin social evaluation function )](,),(),(min[ 21 nxuxuxuW L= .  

We first look at the weighted additive part of the social evaluation 

function ∑ =
=

n

i ii xuW
1

)(µ . It is well known that the Arrow-Pratt coefficient '/'' uu−  of 

the function u  represents the decision maker’s inequality aversion. In literature of 

weighted additive social welfare function, the weights usually represent the population 

density while each individual still has the same weight. In our social evaluation 

function each single individual has different weight.  In the optimal income distribution, 

the first order condition ijji xuxu µµ /)('/)(' =  implies that ji xx >  for ji µµ > . 

Therefore, an individual with higher weight will get more income.  The weights 

attached to individuals can represent the fictional decision maker’s value judgment on 

individual desert: an individual with high weight implies he deserves more. In other 

situation, we may consider the weight as individual power or individual need. 

In most literature all individuals are assumed to be treated equally. Inequality is 

not the first best; it is allowed only in the second best when incentive constraints are 

binding. However, in our model income inequality is socially optimal as the first best 
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because of the value judgment of individual desert.  The idea of individual desert is 

popular in the discussion of income distribution in sociology and philosophy, but it is 

largely ignored in economics. In Aristotle’s Nicomachean Ethics, inequality is optimal: 

justice is the proportional; and award should be according to merit.   

Then, in a social evaluation function, how the individual weights (value 

judgments of desert) are determined? The weights are parameters of the decision 

maker’s preferences. The process of preference formation is complicated, but we can 

consider the process of preference formation as a black box and derive the parameters 

from revealed social preferences. Therefore, we do not need to impose exogenously 

what is the correct value judgments that should be used in social decision making.  

Social decision making are context sensitive, and so are the value judgments of 

desert. For example, for income taxation the weights may be positively related to their 

pretax incomes. This reflects the value judgments that those who create more wealth 

deserve to get more income. However, to distribute a certain resource (unrelated to 

effort or contribution) to individuals in order to reduce income inequality, the weights 

are very likely inversely related to the individual pre-distribution income. Those who 

are poor deserve to get more. If decision making is determined by political power, the 

weights may be positively related to the relative political power of individuals. 

The maxmin part of the social evaluation function  

)](,),(),(min[ 21 nxuxuxuW L=  represents the decision maker’s value judgment of 
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egalitarianism. Egalitarianism represented by the weight assigned to the worst off 

individual is different from inequality aversion represented by the concavity of u . 

Inequality aversion is equivalent to decreasing marginal social value from individual 

income. The difference between the two can be seen from the optimal income 

distributions of a total wealth under ∑ =
=

n

i ii xuW
1

)(µ  and under 

)](,),(),(min[ 21 nxuxuxuW L= . To maximize ∑ =
=

n

i ii xuW
1

)(µ , if u  is concave 

(i.e., inequality aversion) individual incomes are equal only if all individuals have the 

same weights. (If  u  is strictly convex, income will be concentrated to one individual). 

However, to maximize )](,),(),(min[ 21 nxuxuxuW L= , individual incomes will be 

equal for any function u . Compared with inequality aversion, egalitarianism has 

much stronger effect to make income equal.  

   Therefore, social evaluation function in (1) actually incorporates three 

different value judgments of the decision maker: inequality aversion, individual 

desert and egalitarianism. This is very appealing for a social evaluation function; it 

can leads to new theoretical results and at the same time the problem is tractable. 

Questions may be raised concerning whether such social evaluation functions have 

reasonable theoretical foundation. In Zheng and Anwar (2005) we derive social 

welfare function ∑ =
=

n

i ii xuW
1

)(µ  from the consistency of legal decision making by 

applying the Savage approach, and use the function to discuss the value judgments in 

legal decisions. In the paper, we assumed that social decision making is consistent in 

the sense of Savage axioms.  In original Savage approach, the decision maker has 

preference over acts. Each act is a vector ),,( 1 nxx L , which is the overcome of 

different states of the world if an action is taken. It is very natural to interpret the 

vector as an income distribution among n  individuals, and the Savage axioms can be 

explained as the consistency over the choices of income distribution (For detailed 
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discussion, see Zheng and Anwar (2006)). With this reinterpretation, if the decision 

maker’s preference is consistent (in the sense of Savage axioms) over income 

distribution, a cardinal social welfare function ∑ =
=

n

i ii xuW
1

)(µ  is uniquely 

determined up to an affine transformation of u . Therefore, from revealed preference 

satisfying Savage axioms, we can derive uniquely the decision maker’s subjective 

value judgments of inequality aversion and value judgment of desert (or individual 

power as used in Zheng and Anwar (2006)).  

The additive evaluation function (and correspondingly, the independent 

axiom in Savage axioms) is very restrictive for social decision making as it excludes 

any form of egalitarianism consideration. We can use a less restrictive form of 

consistency axioms, which is referred to as the Savage Theorem without independent 

axiom, to get a non additive function W
1
; see Gilboa (1993). The social evaluation 

function (1) is a special case of the function  W  derived from the consistency of social 

decision making without the independence axiom. 

It is controversy whether there is a social entity that can make consistent social 

decision making, but we can avoid this controversy by assuming the existence of a 

fictional decision maker. Therefore, the social evaluation function in form (1) is not 

arbitrarily imposed exogenously; it can describe a large class of social decision 

makings satisfying reasonably consistency conditions. 
2
   

                                                 

1
 Actually, all such function can be written as )(min xuW

A Ax∑ Ω⊂ ∈Α= µ , where the summation is 

over all subset of Ω , with Ω  denotes the set of all individuals, see Gilboa and Schmeilder (1994). 

Therefore, it assigns weights to each individual, and it also assigns weights to all possible coalition of 

individuals.  Social evaluation function (1) only assigns weights to single individuals and to the whole 

group. 

2
 In a different setting in lab experiments about income distribution by individuals, it is claimed 

that the decision making involves the combination of inequality aversion, efficiency, and 

maximin consideration, see Engelmann and Strobel (2004).  
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4. Implication on income redistribution and taxation 

In section 2, we assume that the total income and the social evaluation 

function are given exogenously. Now we consider a more realistic case about how to 

redistribute earned income among individuals.  We make two assumptions: 1. The 

pre-redsitribution earned incomes ),,( 00

1

0

nxxx L= are given (we ignore the incentive 

effect in this paper), and 00

1

0

nxxw ++= L . The earned income of individual i  is 0

ix . 

2. The function u  and the weight θ  to egalitarianism are given, but the weight 

attached to individual i  in the social evaluation is proportional to his earned income:  

00 / wxii =µ
. 

Thus the fictional social decision maker’s value judgments of inequality 

aversion and egalitarianism are given, but individual desert is proportional to his 

contribution, which corresponds to the proportional principle in Aristotle’s ethics. 

(There is no reason to assume that value judgments of inequality aversion and 

egalitarianism cannot change, but for income distribution with given earned income, 

it is reasonable to assume that they will not change with the pretax income. Also, the 

proportional principle may be substitute by a form to allow the weight to be a general 

increasing function of earned income.)  

Suppose the value judgment of inequality aversion takes the form of: 

γ

γ

−
=

−

1
)(

1
x

xu

 

for 1≠γ , and xxu ln)( =  for 1=γ . Here γ  is a constant degree of relative 

inequality aversion of the fictional decision maker.   

We first consider the case when there is no egalitarianism consideration (i.e., 

0=θ ).  

For )ln(xu =  and 00 / wxii =µ , the first order condition jiji xx µµ // =  
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implies that the final income of an individual will be proportional to his weight, thus 

00

iii xwx == µ . Each individual keeps his own pretax income and no redistribution or 

taxation is needed in the optimum.   

When 1≠γ and 0=θ , the first order condition becomes jiji xx µµγ /)/( = . 

In terms of earned income, we get γγµµ /100/1 )/()/(/ jijiji xxxx == , or  

1/100

0

0

)/(
/

/ −= γ
ji

jj

ii xx
xx

xx

. 

If 1>γ , then 00 // iijj xxxx <  if 00

ij xx > . Individual with higher earned 

income (the rich) get smalled proportion of their earned incomes, and individuals with 

low earned income get bigger proportional of their incomes. This is a form of 

progressive taxation in the sense that the average tax rate increases with income. As 

we only consider income redistribution, some individuals must be subsidized if others 

are taxed. In this case, the rich is taxed to subsidize the poor. Therefore, we get 

progressive taxation when the relative inequality aversion coefficient γ  is greater 

than 1.  

Similarly, for 1<γ , we have 00 // iijj xxxx >  if 00

ij xx > . Thus we get a 

regressive taxation. Tax rate is higher for poor individuals. Thus, the rich will be 

subsidized and the poor will be taxed even though the decision maker is inequality 

averse. This happens because the effect of individual desert dominates the effect of 

inequality aversion.  

Without egalitarianism consideration, if individual desert is proportional to 

pretax income, taxation will be progressive if the decision maker is highly inequality 

averse (i.e., 1>γ ); taxation will be regressive if the inequality aversion of the 

decision maker is not so strong (i.e., 1<γ ); and there will be no redistribution if  
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1=γ . This result, though simple in our model, provide another insight about 

progressivity or regressivity of taxation by using the value judgments of desert and 

inequality aversion. In previous literature, the common way to derive the 

progressivity of taxation is though the use of the equal sacrifice principle, see 

Samuelson (1947).  

If in addition the society has egalitarianism consideration, there will be a 

minimum standard of living for the *
k  individuals with low earned income.  The 

exact form of taxation can be derived through two steps by Proposition 1 in section 

two. In the first stage, earned incomes are redistributed by levy a fixed tax rate θ  to 

individuals with high earned income and give other *
k  individuals the same income. 

Then in the second stage, the incomes achieved at the end of the first stage are going 

to be redistributed as discussed above, when there is no egalitarianism consideration.       

When 1=γ , there is no redistribution at the second stage. We get an example 

of minimum standard of living, combined with a linear tax rate
3
 (at least for individual 

with higher earned income). However, this scheme is different from that in the basic 

income/flat tax proposal as discussed in Atkinson (1995). In the basic income 

proposal, all individuals, poor or rich, will be given a fixed basic income and all 

individuals facing the same tax rate. 

Even without considering the incentive effects, such results are not trial for the 

existing literature. It shows the important roles that value judgments such as 

individual desert, inequality aversion and egalitarianism can play in social decision 

making.  

                                                 
3
 Without considering the incentive effect, it is possible that some individuals’ pretax incomes are 

higher than the minimum standard of living but their post-tax income is at the minimum standard of 

living. However, they are taxed at a rate lower than θ . This will not happen when incentive is 

considered, since individuals who get the minimum standard of living will not work anymore.  
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Our model suggests a subjective view of the minimum standard of living (and 

poverty line). The level of minimum standard of living, and criterion for who should 

receive income at the minimum standard of living, depends on the social value 

judgments. A more egalitarianism social decision maker would put more individuals 

in the category of poor and would set a higher minimum standard of living. From 

theorem 1, the inequality aversion has no effect on determining who should be 

categorized as poor, though it has effect on the level of the minimum standard of 

living.   

 

5. Conclusions 

This paper shows that the minimum standard of living is required in the social 

optimum if the social decision maker has three combined value judgments: 

egalitarianism, individual desert and inequality aversion. For a social decision maker, 

incomes should be unequal to reward those who deserve more, but egalitarianism 

requires all individuals have the same income. The compromise of these two leads to a 

minimum standard of living. We believe our model can provide a useful analytic tool 

to study the value judgments, especially the value judgment of individual desert and 

egalitarianism in the economic analysis. 

For further study we need to consider the incentive of labor supply. If we 

consider ex-post redistribution in which government redistribute earned incomes after 

earned incomes are realized, it is easy to see that those who get minimum standard of 

living will choose not to work. But if we use the framework of optimal nonlinear 

taxation in which government first designs a tax scheme to let individuals to 

self-select their labor supply, the problem will be more complicated to solve. We will 

discuss these issues in a separate paper. 
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Appendix:  

Proof of Lemma 1: We prove the lemma by contradiction. Suppose that 

individual 1≠k  has the lowest income and 1xxk < .  Then social welfare function (1) 

becomes: 

1 1(1 ) ( ) [(1 ) ] ( ) (1 ) ( )
k k n n

W u x u x u xθ µ θ µ θ θ µ= − + + − + + + −L L
. 

The constraints for the maximization are
k i

x x≤   for all i k≠  and 1xxk < .  The 

associated Lagrangian for this constrained optimization is: 

1 1

1

(1 ) ( ) [(1 ) ] ( ) (1 ) ( )

( ) ( )

k k n n

n

i i k ii
i k

L u x u x u x

x w x x

θ µ θ µ θ θ µ

γ λ
=

≠

= − + + − + + + −

− − − −∑ ∑

L L

 

where γ , iλ ’s are multipliers. The corresponding Kuhn-Tucker conditions include:  

0)(')1( =+−− iii xu λγµθ , for ki ≠ ,     (2) 

0)('])1[( =−−+− ∑
≠ki

ikk xu λγθµθ ,     (3) 

0)( =− iki xxλ  with 0≥iλ  and ik xx ≤  for ki ≠ .    (4) 

From 1xxk < (by assumption), (4) implies 01 =λ . Using 01 =λ  in (2) we 

have )(')1()(')1( 11 xuxu iii µθλγµθ −≤−=− , for all 1≠i , k . As iµµ <1 , it 

follows that )(')(' 1xuxu i < . By the concavity of u , ki xxx >> 1  for                              

all ki ,1≠ . From (4), then 0=iλ  for all ki ≠ . Then (3) simplifies to 

)(')1()('])1[( 11 xuxu kk µθγθµθ −==+− . From kµµ <1 , then 

1)1()1( µθθµθ −>+− k , and so )(')(' 1xuxu k < . By the concavity of u , 1xxk > , 

which is in contradiction with the initial assumption 1xxk < . ■ 

Proof of Lemma 2: Since the first individual has the lowest income, (1) 

becomes 1 1 2 2[(1 ) ] ( ) (1 ) ( ) (1 ) ( )n nW u x u x u xθ µ θ θ µ θ µ= − + + − + + −L . The 
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Kuhn-Tucker conditions with resource constraint wx
n

i

i =∑
=1

  and ixx ≤1 for all 1≠i  

include: 

0)(')1( =+−− iii xu λγµθ , for 1≠i ,     (5) 

0)('])1[(
1

11 =−−+− ∑
≠i

ixu λγθµθ ,     (6) 

0)( 1 =− ii xxλ  with 0≥iλ  and ixx ≤1 for 1≠i .    (7) 

We show, by contradiction, that there exists no 1>k  such that kk xx <+1 .  

Suppose kk xx <+1  for some 1>k . As individual 1 is the poorest, kk xx <+1  implies 

that kxx <1  and (7) implies 0=kλ . Using 0=kλ in (5) we have   

1 1 1(1 ) '( ) (1 ) '( )k k k k ku x u xθ µ γ λ θ µ γ+ + +− = − ≤ − = . Because 1+< kk µµ , we obtain 

)(')(' 1 kk xuxu <+ . The concavity of u  implies kk xx >+1 , which contradicts the initial 

assumption kk xx <+1 . ■ 

Proof of Theorem 1: First we prove that if 1+< ll xx , then 1l l nx x x+< < <L . 

(This is equivalent to that 1+= ll xx  implies 1 2 1lx x x += = =L ). Suppose that 

1+< ll xx , then one must have 11 +< lxx  and by condition (5) to (7), 01 =+lλ  

γµθλγµθ =−≤−=− +++++ )(')1()(')1( 11222 lllll xuxu . Because 21 ++ < ll µµ and by 

the concavity of u , we obtain 21 ++ < ll xx .  Recursively, we get L,32 ++ < ll xx , 

and nn xx <−1 . Therefore there must exists a unique threshold value k , which is the 

smallest number of l  satisfying 1+< ll xx , such that 

1 2 1k k nx x x x x+= = = < < <L L . 

Next, we investigate how the threshold value k  can be determined. We prove 

the result by two steps. Step 1: for an l , if ∑ = + −−≥
l

j jl1 1 )()1( µµθθ , then 



 20  

1+= ll xx . Step 2: for an l , if ∑ = + −−<
l

j jl1 1 )()1( µµθθ , then 1+< ll xx . Combining 

step 1 and 2, then k  is the smallest number l  satisfying  ∑ = + −−<
l

j jl1 1 )()1( µµθθ  

  Step 1: If 1+< ll xx , then 11 +< jxx for all lj > , therefore by (9), 

1 0l nλ λ+ = = =L .  The conditions (6) and (5) imply that for individual 1, 

1 1 2[ (1 ) ] '( ) 0lu xθ θ µ γ λ λ+ − − − − − =L  and for individual lj ,....,2= , 

0)(')1( =−−− jjj xu λγµθ . Adding the equation for individual 1 to l , we get: 

)(')1(

)(')1()('])1([)(')])(1([

11

2

11

1

++

==

−==

−+−+≤−+ ∑∑

ll

jj

l

j

l

l

j

j

xull

xuxuxu

µθγ

µθµθθµθθ

 

(The inequality is obtained from the condition 1 2 n
x x x≤ ≤ ≤L  and from the 

concavity of u . The first equality is obtained by adding the equations for individual 1 

to k and the last equality is by (5) and the fact that 01 =+lλ .) 

As 1+< ll xx , in order the above relation to be true, one must 

have .)1()1( 11 +=
−<−+ ∑ l

l

j j l µθµθθ  Equivalently, if 1(1 ) ( )
l

l jj
θ θ µ µ+=

≥ − −∑ , 

then one cannot have 1+< ll xx  and it must be true that 1+= ll xx  (as we have 

nxxx ≤≤≤ ....21  from lemma 2). 

Step 2: If 1+= ll xx  then 11 ... +== lxx , (as is known from the beginning of this 

proof).  From (6) and (5), it follows that for individual 1, 

0)('])1([ 1211 =−−−−−−−−+ + nllxu λλλλγµθθ LL  and for individual 

2,3, ,j l= L , 0)(')1( =−−− jjj xu λγµθ .  Adding the equation for individual       

1 to l  and taking into account that 1 lx x= =L , we get 
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1 1

[ (1 ) ] '( )
l

j l i

j i l

u x lθ θ µ γ λ
= ≥ +

+ − = +∑ ∑ . For individual 1+l , (5) implies 

111 )(')1( +++ −=− lll xu λγµθ .  Therefore, we have:  

)(')1()(')])(1([ 11

1

++

=

−≥≥−+ ∑ lll

l

j

j xullxu µθγµθθ
. 

As 1+= ll xx , the above relation implies 1

1

(1 )( ) (1 )
l

j l

j

lθ θ µ θ µ +
=

+ − ≥ −∑ . 

Equivalently, if 1

1

)1())(1( +

=

−<−+ ∑ l

l

j

j l µθµθθ  (or ∑ = + −−<
l

j jl )()1( 1 µµθθ ), 

then it is impossible to have 1+= ll xx  and we must have 1+< ll xx (as we have 

nxxx ≤≤≤ ....21  from lemma 2).  ■ 

Proof of Proposition 1: Once *
k  is determined, condition (5) implies 

1 1(1 ) '( ) (1 ) '( )
k k n n

u x u xθ µ θ µ γ+ +− = = − =L . For individual =i 2 to *
k , (5) implies 

that 0)(')1( =+−− iii xu λγµθ . For individual 1, from (6), 

0)('])1[(
1

11 =−−+− ∑
≠i

ixu λγθµθ . Adding the equations for individual 1 to 

individual *
k , we get ∑

=

=−+

*

1

*
)('])1([

k

i

i kxu γµθθ . Therefore, the optimal income 

distribution is determined by much simpler conditions:  

)(')1()(')1()('])1([ *

1
1

1

*
*

*

* nnk

k

i
ki xukxukxu µθµθµθθ −==−=−+

+
=

+∑ L      (8) 

with the constraint wxxxk nk
=+++

+
L

1

*
* . Then we can easily prove the 

proposition. ■ 

 



 22  

References 

Aristotle (1925), Ethica Nicomachea, Trans., Clerendon Press, Oxford. 

Atkinson, A. B. (1970), “On the Measurement of Inequality,” Journal of Economic 

Theory, 2, 244-263.   

Atkinson, A. B. (1995), Public Economics in Action: the Basic Income/Flat Tax 

Proposal, Oxford: Clarendon Press. 

Boulding, K. E., (1962), “Social Justice in Social Dynamics.” In: Brandt, R.B. (Ed.), 

Social Justice. Prentices Hall, Englewood Cliffs, N.J., 73-92. 

Chen J. and Barrientos A. (2006), “Extending Social Assistance in China: Lessons from 

the Minimum Living Standard Scheme,” CPRC Working paper 67, University of 

Manchester.  

Creedy J. (2007), “Policy Evaluation, Welfare Weights and Value Judgments: A 

Reminder”, Australian Journal of Labour Economics,   

Engelmann, D. and Strobel, M. (2004), “Inequality Aversion, Efficiency, and 

Maximin Preferences in Simple Distribution Experiments,” American Economic 

Review, Vol 94, No. 4, 857-869. 

Franklin, N. N. (1967), “The Concept and Measurement of ‘Minimum Living 

Standards’”, International Labor Review, 95 (4), 271-298. 

Gilboa, I. (1987), “Expected Utility with Purely Subjective Non-Additive Priors,” 

Journal of Mathematical Economics, 16, 279-304. 

Gilboa, I. and D. Schmeidler (1994), “Additive Representations of Non-additive 

Measures and the Choquet Integral,” Annals of Operations Research, 52, 43-56. 

Lewis, G. W. and Ulph, D. T. (1988), “Poverty, Inequality and Welfare,” Economic 

Journal, 98, supplement, 117-131. 

Samuelson P. A. (1947), Foundations of Economic Analysis, Cambridge, MA: 

Harvard University Press. 

Sen,  A. K. (1976), “Poverty: An Ordinal Approach to Measurements,” Econometrica, 

44, 219-231.   

Sharif, M. (2003), “A Behavioral Analysis of the Subsistence Standard of Living,” 

Cambridge Journal of Economics, 27, 191-207. 



 23  

Weymark J. A. (1984), “Bunching Properties of Optimal Nonlinear Income Taxes,” 

Social Choice and Welfare, 3, 213-232. 

Zheng, M., Anwar S. (2004), “Rational Legal Decision-making, Value Judgment and 

Efficient Precaution in Tort Law,” Journal of Institutional and Theoretical economics, 

161, 411-427. 

 

 

 


