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Abstract

It is well known that if income distribution y is majorized by income distribution
x (i.e. y Lorenz-dominates x at constant sum, the welfare standard of y being
more equally distributed than x) then y can be reached from x by a succession of
transfers “from the rich to the poor” that do not go beyond permuting their
incomes. A number of results have been published that characterize special cases
of such a system of transfers that are “simple” either in terms of number of
transfers or of total amount transferred. We show that some of those results are

flawed and we provide a number of new ones.
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1. Introduction

Let # be a number of persons and x =(x,,...,.x, ), ¥ =(y,,..y,) be two allocations

of income to those persons with > x, = >"" y,. Animportant conceptin the

economic literature on the distribution of a prescribed total amount of income
between 7 persons (or income units) is the one of a T-transform, that is, a

special nxn bistochastic matrix of the form
(1.1)
T=A0+(1-M)I; 0<h <],
where Q is a permutation matrix that interchanges two coordinates and 7 is the

identity matrix.

The concept is due to Muirhead (1903); see Marshall and Olkin (1979, p. 21). The

significance of a T-transform is that if x" =xT, then x;, = (1-A)x, +x,, x;, =
(1-2)x,+ix, and x; = x, for all i = j,k. If we assume that x, <x,, it is clear that

x,x, €lx,x;] and if 8§ = A (x, -x), x, = x,+8 and x;, = x,-8 , where

b
0<8 <x,-x,. Thatis, 8 units of income are transferred from j to k, where the

income for j is originally larger than the income for k, and one can think of a
T-transform as performing between two persons a single transfer of income,
which is such that the income of the recipient does not become strictly larger than
the original income of the donor. We call such a transfer a Muirhead transfer and
we use “T-transform” and “Muirhead transfer” interchangeably. If A =1 in (1.1),
then we have an extreme Muirhead transfer, corresponding to an extreme
T-transform,; clearly this is as large as such a transfer can be and the application of

this extreme T-transform permutes two elements of the vector it multiplies. The




Economics Programme University of Macan

notation x,,,x,....x,, represents the increasing rearrangement of x.

Definition 1.1 The following well-known preorder over vectors in " (the

opposite of majorization):

k k n n
i=1 X0 < Zi:l Yy » k=1,.,n-1 and Zizl Xi = Zi:lyi >

we represent by x < y.

The fundamental relationship between the concept of a T-transform and the one
of majorization is given in the following result (Marshall and Olkin (1979, B.1., p.
21)).

Lemma 1.1 (Muirhead’s Lemma) If x<y, then y can be reached from x by

successive applications of a finite number of T-transforms.

The result was essentially proven by Muirhead (1903); see also Hardy, Littlewood
and Polya (1952, p. 47). See e.g. Foster (1985), Sen (1997) for the Lemma’s place in
the theory of the measurement of income inequality. Marshall and Olkin (1979, pp.
21, 22)’s proof is the one we shall refer to. The proof proceeds by noting that,
because the permutation of two elements in a vector of incomes is a Muirhead
transfer (an extreme one), then one can assume that x and y are similarly
ordered. Then without loss of generality, one can assume them to be increasingly
ordered. The proof then proceeds by showing that, starting from x+t, a finite
number of Muirhead transfers, each one of which keeps the resulting vector
increasingly ordered will lead us to y+, with x+t, y+ representing the increasing
rearrangements of x and y, respectively. From there, y itself can be reached

from y+ by the application of a finite sequence of extreme T-transforms, each of
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which permutes two incomes. We illustrate this sequence on Figure 1, for n=3.

Let x=(4,1,13) be the initial income allocation and let y=(9,6,3); x<y .
Remembering that x* =(x,),x,,x, ) and labeling the persons according to this

increasing arrangement, one can reachx t by permuting the incomes of persons 7
and 2; then a transfer from person 3 to person 2 followed by a transfer from 2
to 7 bring us to yt along the path xt —4- y+ in Figure 1. Those
order-preserving transfers are the only kind explicitly considered in the proof
(there are other possibilities, for example the paths x* —B—yt or xt -C—y1).
Once at y 1, then y can be reached by a sequence of pair-wise permutations (Ze.
extreme Muirhead transfers) for example the path yt-D-E-y. There is no
reason to presume - and there are reasons to doubt - that the complete path
x—xt—A-yt-D-E-y contains the minimum number of Muirhead transfers
needed to reach y from x, but Muirhead’s Lemma is merely concerned with
existence of a finite sequence of Muirhead transfers if x<y. One could think of
some refinements of the result. By a refinement of Muirhead’s Lemma, we mean
a statement establishing not merely the existence of this sequence but furthermore
proving that if x <y, there exists some such sequence that satisfies special “nice”
properties beyond merely being a finite sequence of Muirhead transfers. As far as
we know, three such refinements have been proposed. The first one is Proposition

1.1 below, which is essentially Lemma 2.6 of Fields and Fei (1978). We say that x
and y are similarly ordered if (x;—x;)(y,—»,)20,Vi,j. If x and y are similarly

ordered, then assuming that both are increasingly ordered involves no loss of
generality, as it is simply a matter of labeling the elements of the vector, ze. labeling

the persons.




Economics Programme University of Macan

Definition 1.2. Given a pair of vectors x, y eR", let d(x,y) denote the number

of indices i, where x, # y,.

Obviously when x=# y, 2<d(x,y) <n, because D>, x,=> "y, x can differ from y

by two components but not by a single one.

Proposition 1.1. If x and y are similarly ordered and x<y, then y can be

reached from x by successive applications of at most [d(x,y)—1] T-transforms.

Lemma 2.6 of Fields and Fei (1978) is actually somewhat weaker, but can easily be
strengthened to Proposition 1.1. First, Fields and Fei (1978) assume unnecessarily
that x, y are non-negative. Second, their upper bound on the number of
T-transforms is unnecessarily large by one unit (it is d(x,y)) simply because they
overlook the fact that if x# y, 2< d(x,y). The following proposed refinement of
Muirhead’s Lemma (Marshall and Olkin (1979), B.1.a, p. 22; see also Theorem B.6,

p. 24) does not assume x, y to be similarly ordered.

Proposition 1.2. If x<y, then y can be reached from x by successive

applications of at most n—1 T-transforms.

Now, careful consideration of the proof of this proposition in Marshall and Olkin
(1979, B.1.a) shows that they actually consider only a sequence of Muirhead
transfers from x 1 to yt,and prove Proposition 1.1 above, and 7o Proposition 1.2.
In fact, Marshall and Olkin (1979) simply appeal to the proof of Muirhead’s
Lemma discussed above, that actually establishes Proposition 1.1, but not

Proposition 1.2.
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A third refinement of Muirhead’s Lemma appears as a technical lemma in Bossert

and Fleurbaey (2002, Lemma 2, p. 116).

Proposition 1.3. If x<y, then y can be reached from x by successive
applications of a finite number of T-transforms, and the sequence is such that, for
i=12,.,n, if i 1s a donor in one of the transfers, he is the recipient in none, and

vice versa.

Now, clearly, Proposition 1.2 does not follow from Proposition 1.1, and this leaves
Proposition 1.2 an interesting conjecture, but, as indicated above, without a known
proof. Is the condition that x and y be similarly ordered essential for the
conclusion of Proposition 1.1 to hold? One can certainly find examples where it is
not. Consider Figure 1 again and the path x-z-y. This path consists of 2=n-1
Muirhead transfers, and each one of them changes the ordering of the incomes. In
this particular three-dimensional case, the conclusion of Proposition 1.2 holds. In
Section 2 we prove that Proposition 1.2 is nevertheless generally false. This leave
Propositions 1.1 and 1.3 as the only established results - that we are aware of - that
describe a simple path of Muirhead transfers from x to y if x<y (with the
considerable restriction that x, y are similarly ordered for Proposition 1.1).

Fields and Fei (1978), Marshall and Olkin (1979) and Bossert and Fleurbaey (2002)
are all concerned with establishing the existence of a sequence of Muirhead
transfers that is in some sense szzple. There are two immediate points of view from
which a sequence of transfers can be viewed as simple: the point of view of how
many separate transfers there are in the sequence, and the one of how much
income is transferred in total. Fields and Fei (1978) as well as Marshall and Olkin

(1979) are concerned with the former; Bossert and Fleubaey (2002) are indirectly
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concerned with the latter, see Section 2 below. Thus Proposition 1.1, which is
restricted to similarly ordered vectors, establishes the existence of a system of
Muirhead transfers that is economical in terms of the number of transfers.
Proposition 1.3 on the other hand describes a system of Muihead transfers that is
economical in terms of the total amount transferred. This economy follows from the
fact that such a system of transfers contains only direct transfers from people

richer in x thanin y to people richer in y thanin x.

In this paper, we consider both forms of simplicity and determine the conditions
under which a system of transfers exhibits them. Section 2 demonstrates that in
some very special cases where x <y, one canreach y from x inat most d(x,y)-1
Muirhead transfers, but we also show that Proposition 1.2 is generally false.
Section 3 shows that the conclusion of Proposition 1.2, and more, follow if one
assumes that x and y are related through a binary relation that is stronger than
majorization. Section 4 provides a discussion of the problem from a broader
perspective and in the context of flows-in-networks. Section 5 concludes. The

purely technical results and the longer proofs are relegated to the Appendix.
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2. Majorization.
We first state a very general definition of a system of transfers, and then a

specialization thereof.

Definition 2.1. Let x,ye®" and Yy, =>""y, . An x-y system of transfersis a

set of pair-wise transfers that allows one to reach y from x. The donor and

recipient of a transfer are different people.

Definition 2.2. Let x,ye®" and ) 'y, =>""y . A Muirhead x-y system of

transfers is an x-y system of transfers (Def. 2.1) such that each transfer is a

Muirhead transfer when the transfers are performed in some sequence.

Obviously, an x-y system of transfers produces y from x regardless of the order
in which the transfers are performed. On the other hand to determine whether y
can be reached from x through a sequence of Muirhead transfers requires the
consideration of the order in which the transfers are performed. Note the general
nature of the sets of transfers defined above; there is for example no presumption
that there is a single transfer between a given pair of persons, nor that a person
cannot be a donor in a transfer and a recipient in another, nor even, in Definition

2.1, that there cannot be multiple transfers both from ; to £ and from £ to /.

The two properties of systems of transfers that we focus on are as follow. The first

one was the concern of Fields and Fei (1978) and Marshall and Olkin (1979).

Property NT (Number of transfers). The number of transfers in the x-y system

of transfers is strictly smaller than d(x,y), the number of persons whose income

10
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is different in x and .

Property D (Direct). The x-y system of transfers is such that if a person is the

donor in one transfer, he is the recipient in none, and vice-versa.

Property D is the property that Bossert and Fleurbaey (2002) did consider in
Proposition 1.3 above. Property D can be expressed in terms of minimizing the

total amount transferred.

Lemma 2.1. Let x,ye®” and >y, =>"y . An x-y system of transfers satisfies

Property D if and only if the total amount transferred by the system is equal to

2.
i=1

smaller amount in total. (See Appendix.)

xi—y|/2. Furthermore, there is no x-y system of transfers that transfers a

Note that Property D can also be interpreted as meaning that there is no
“trans-shipment”, that is why it is called direct. Any income transferred goes
directly to its final destination. If a person were to both receive and give, then
some income would in effect be trans-shipped to someone else through him and
thus, some income would be transferred twice. Property D precludes znter alia that
income goes both from ; to £ and from £ to ;. Italso precludes that a person
whose income is the same in x and y would either receive or give. See Table A.2

in the Appendix for examples.

Definition 2.3. If x>y, then person i is richerin x (thanin y). If x, <y, then

person i is richer in y (than in x).

11
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It is convenient to partition the set of persons N ={12,..,n} into R, (the persons
richer in  x), R, (the persons richer in ) and N, (the persons with the same
income in x and ). Formally: r, = {i|x, >y, 1<i<n}, R, = {i|x, <y, 1<i<n}
and N, ={i|x, =y, 1<i<n}. Note that those distinctions are entirely distinct from
the notion of donors and recipients, as the latter are determined by the application
of a specific set of transfers. Whether a person isin R for example depends only
on the pair x, y and is independent of any system of transfers. A personin R, can

very well, in some system of transfers, be a donor in one transfer and a recipient in

another one. Our first result is that the conclusion of Proposition 1.2 is true when

there is exactly one person in R, or exactly one in R, .

Theorem 2.1. If x, y e®", x<y, and either

R|=1 or [Rr|=1, then there exists a

Muirhead x-y system of transfers that satisfies Property NT and Property D, in

which the only donor is the person in R, or the only recipient is the one in R,

respectively. (See Appendix).

Example 2.1. Let 7 = 4, x = (1,14,9,7) and y = (3,6,10,12). Clearly [r|=1. We

R:

have that y can be reached from x by three Muirhead transfers: transfer 1 unit

from person 2 to 3, 5 units from 2 to 4 and 2 units from 2 to 7. Note that the first

recipient is the person in R, who has the largest income in x, the second recipient

is the person in R, who has the second largest income in x, and so on.

12
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Example 2.2. Let 7 = 4, x = (5,10,2,14) and y = (3,6,10,12). Clearly |g,|=1. We

have that y can be reached from x by three Muirhead transfers: transfer 2 units

from 7 to 3, 4 units from 2 to 3 and 2 units from 4 to 2. Note that the first donor

is the personin R_who has the lowest income in x;, the second donor is the person

in R, who has the second lowest income in x, and so on.

Theorem 2.1 has the following consequence, which shows that the path x-z-y

constructed in Figure 1 is the rule rather than the exception.

Corollary 2.1. If x, y e®”, with d(x, ) <3 and x<y, then there exists a

Muirhead x-y system of transfers that satisfies Property N'T and Property D.

Proof. The result is obvious when d(x,y) = 0. Since the vectors x and y have the

same sum, d(x,y)=1 and whenever d(x,y)>2, we have that [r|>1 and [R|>1.

Since d(x,y)<3 and d(x,y) =

, then

R|+|R, R|=1or |r|=1. Hence the premises

of Theorem 2.1 hold. g

We now establish with a counterexample that Proposition 1.2 from Marshall and

Olkin (1979) 1s in general false.

Theorem 2.2. If ¥ = (20, 15, 1, 5) and y° = (2, 4, 16, 19) then the number of

T-transforms needed in order to reach y° fromy® is at least 4=4d(x,y). (See

Appendix.)

13
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We have thus:

Corollary 2.2. Let x, y e ®" and x<y. Itis not necessarily possible to reach y

from x through the application of fewer than d(x,y) transfers.

Example 2.3. Note thaty’ can be reached from »° in four T- transforms. One

such way is as follows, with ; the donor, £ the recipient and & the size of the
transfer:

x'=(20,15,1,5),letj =2, £= 4,3 = 10, to obtain

x' = (20,5,1,15),letj =2, £ = 3,8 = 1, to obtain

x* = (20,4,2,15),letj =1, £ =4, 3 = 4, to obtain

x* =(16,4,2,19),let; =1, £= 3,3 = 14, to obtain

x* = (2, 4, 16, 19), which is "

This describes a Muirhead x-y system of transfers which, according to Theorem

2.2, contains the smallest possible number of transfers for x°, y° as given.

We recapitulate the situation about Proposition 1.2. The proposition is in general

false, but there are particular cases where its conclusion holds: if x and y are

similarly ordered (Proposition 1.1) or if either

R|=1 or |R|=1 (which always

holds if d(x,y)<3). Otherwise, taking note of the fact that it takes at most n-1
extreme Muirhead transfers (ze. simple permutations) to re-order any vector
increasingly, and of Proposition 1.1, one obtains directly the following very

conservative bound.

14
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Theorem 2.3. Letx, y e®” and x<y. Then y can be reached from x through

a succession of at most 2n—2 T-transformes.

Whether a better bound can be obtained in general for x <y is an open question.

In the next section we show that Proposition 1.1 can be generalized.

15
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3. Second degree Pareto dominance
Consider the following binary relation, that we call second degree Pareto

dominance.

Definition 3.1. Let x,y e ®". We say that x<"y if there exists a permutation w

of N suchthat y_, <y, <...<y,,,and

k k n n
i=1 X7 (@) = Zi:lyn(i) , k=l.,n-1, Zi:lxizzz':lyi ’

We then say that y Pareto dominates x by the second degree.

If the values of the vector y are distinct, then © is unique. On the other hand, if
y contains elements that are equal to each other, then there may exist several such
permutations. Note that in order to check whether x<"y holds, one can sort the
vector y increasingly and in the case of ties, use “x as a secondary key”, that is, for
a set of indices where the y values are equal, choose a permutation where x is
increasingly ordered. The inequalities of Definition 3.1 hold for the above
rearrangement if and onlyif x<”y. For example, if y= (20, 10, 20) and x = (5,7,
37), then both (7, 5, 37) and (7, 37, 5) constitute rearrangements of x according to
the increasing order of y, but only the first one is sorted by using x as a secondary

key. In this case, only the first rearrangement satisfies both sets of inequalities of

Definition 3.1.

This binary relation derives its name from the fact that it has the same relationship
to constant-mean second degree stochastic dominance as the Pareto ordering has
to first degree stochastic dominance (in what follows, “richer” is understood in the
weak sense and constant sum is assumed wherever called for by a definition):

First degree dominance can be formulated as:

16
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The poorest person in Yy is richer than the poorest person in .
The second poorest person in y is richer than the second poorest person in x.

etc.....

The fact that y Pareto dominates x can be worded as:
The poorest person in y is richer than this person is in x.
The second poorest person in y is richer than this person is in .

ele.....

Constant-mean second degree dominance/Lotrenz dominance (x <y in our case)
1s:

The poorest person in y is richer than the poorest person in Xx.

The two poorest persons in y are collectively richer than the two poorest persons in x are.

ele.....

Our binary relation x<”y on the other hand can be paraphrased:
The poorest person in y is richer than this person is in Xx.
The two poorest persons in y are collectively richer than those two persons are in x.

etc.....

Obviously < is, like the Pareto ordering, not symmetric, while < is. The binary
relation <" is not transitive (unless x;, ), 3, ... are all similarly ordered) as the
tollowing example shows: x = (0, 8, 14, 25); y = (2, 6, 14, 25); 2 = (12.5,7, 13.5, 14).
It is easy to check that x<”*y and y <"’z hold while x<”*z does not. Thus while
< is a pre-order (a binary relation that is reflexive and transitive), <”* is merely a

reflexive binary relation. Itis clear that x<"*y implies x <y, and that {x <y and x,

17
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_y similarly ordered} implies x<"y.

The relationship x«”*y is a natural way to express that, if one goes from y to x,
and 1s concerned with equality but does not make the heroic assumption of

anonymity (symmetry), income distribution x is worse than income distribution .

We have the following result, that implies Proposition 1.1.

Theorem 3.1. Let x, 9y eR". If x<™y, then there exists a Muirhead x-y system of

transfers that satisties Property N'T and Property D.

In order to establish Theorem 3.1 we will first prove Lemma 3.1 that deals with a
single T-transform. Lemma 3.1 shows that after applying a particular T-transform
to x, one can obtain a vectorx’, with x" <"y, where the number of pairs of
incomes with unequal values is reduced by at least one. One is then able to apply
Lemma 3.1 repeatedly to prove the desired result. The proof is a modification of
the argument appearing in the proof of Lemma B.1, Marshall and Olkin (1979, p.
21).

18
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Lemma 3.1. If x, y e®” and x<"y, x # y, then the vector x* can be obtained

from x by a single T-transform with the following properties:
(3.1) The transfer is from ; to & with x, > y and x, < y,.

(3.2) x, =x,+98 and x; = x,- 3, where 0 <38 <(x,-x,)/2, foijykaZ,

J

and all other components remain the same (the transfer is thus a Muirhead
transfer).

(3.3) d(x",y)<d(x,y)-1.

(B4 x <y.

Proof. We assume w./g. that the indexing is done such that y is increasingly

ordered and x and y satisty the inequalities of Definition 3.1. Let ; be the
smallest index where x, > y,. The index ; must exist, otherwise, x, <y, forall 7
and " x,=>" y imply that x=y. Let £ be the smallestindex £ < j-1 where
x, < y.. The index 4 must exist, otherwise, by choice of ; we have x,=y, for
i=12,.,j-1and x; > y, and these would imply that Z;xi > z;yi which is not

possible as x<"*y. By choice of ; and £ itis clear that (3.1) holds. Note that by

choice of & and ; and the fact that y is increasing, we have x, <y, <y <x,. Let

6 =min(x; - y;,y, — x,). By choiceof ;and £ itis clear that 8 > 0. Consider the
transfer of & units from ; to A, specifically, let:

x, =x, fori#jk; x, =x,+6 and x;, = x,- 3.
By choice of & we have that x, = x,+ 8 <x,+y, —x, =y,

and x; = x; -8 2x,-(x,-y;) =y,

;- Butsince &< j-1 and y is increasingly

19
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ordered, we have y, >y, .

the conditions of (3.2) hold. Note thatif & = y,

*_
xj—yj.

Note that x; > x; is equivalent to 8 <(x; - x,)/2.

Thus, combining the last three inequalities we obtain

Therefore, all

-x, x=y, andif 3=x,-y,,

As x; > y, and x, < y,, we have d(x,y)< d(x,y)-1, which is (3.3).

Finally we have to show that x" <"y, (3.4). This can be done directly. By choice

of ; and £ one has that:

x, =y, for i=12,.,k-1,

x, <y, for i=kk+1..j-1.
Therefore,

Zzl’ z;ll

As x, = y, for i=12,..,

o =]

<>y for r=12,.k-1.
k-1 and x,+6 <y,,

x,)+ x, +0 Szlilyi.

By the previous inequality and the fact that x,

Zzl’ z;ll

<y fori=k+1,..,j-1,

k r .
z, N S 2yt Zi:kﬂyi for k+1<r<j-1.

Since 8 units are transferred from ; to £, & <j, we have that Y x = > x, for

r > j, and thus:

le’ _2111
le’ _2111_211"

Z;yi for r=j,j+1,...n

-1 and

It is clear that the current indexing of x" and y satisfies the inequalities of

Definition 3.1.

20
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Example 3.1. Let x= (2,9,3,23,1,71) and y = (4,8,15,20,30,32). Itis clear that
d(x,y)=6 . According to the procedure of Lemma 3.1, ;= 2, £ = 1,
§ =min(9-8, 4-2)= 1 and thus x = (3,8,3,23,1,71) and d(x",y)=5. One can

readily check that x" <" y.

Theorem 3.1 now easily follows from Lemma 3.1.

Proof of Theorem 3.1. Lemma 3.1 guarantees that whenever x<”y and x# y,
there exists a Muirhead transfer that results in a vector x~ with the property that
d(x",y) < d(x,y)-1 and x" <"y (properties (3.2), (3.3) and (3.4)). Since x <"y,
unless x" =y the procedure in Lemma 3.1 can be applied starting with x" to
obtain another Muirhead transfer and a new vector. Since the number of
differences is reduced by at least one each time the procedure is applied, and since
x'=y if and only if d(x',y)=0, then the total number of applications is bounded
by d(x,y)—1. This is due to the fact that x' and y can never differ by exactly one
component. Property (3.2) of Lemma 3.1 guarantees that in all the transfers

erformed on intermediate vectors x' , the donor 7 always has more income than
, y

he does in y, until his income reaches the value y,. Similarly, in such a transfer, the

recipient £ always has less income than in y until his income becomes y,.

Combining those facts with Property (3.1) we have that a person is never donor in

one transfer and recipient in another one; thus Property D is satistied.

Example 3.2. Consider x and y in Example 3.1. We apply the procedure in
Lemma 3.1 iteratively to reach y from x through with the following transfers,

with ; the donor, £ the recipient and & the size of the transfer:

Step 1: /=2, k=1, 6=1, x'=(3,8,3,23,1,71),  d(x',y)=5.
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Step 2. =4, £=1,8=1,  »*=(4,8,322,1,71),  d(x,y)=4.
Step 3: =4, £=3,8=2,  »'=(4,8,520,1,71),  d(x’,y)=3.
Step 4: =6, £=3,8=10, x*=(4,8,1520,1,61), d(x*,y)=2.
Step 5: /=6, £=5,8=29,  x*=(4,8,15,20,30,32), d(x*,y)=0.

The condition x<"y is a special case of majorization but it is independent of the

conditions appearing in Section 2. The sufficient conditions of Section 2 (that

majorization holds with either

R|=1 or |g,|=1), do not imply x<"y as the

tollowing simple example shows: x = (10, 20); y = (16, 14).

To summarize: the following three conditions are each sufficient for the existence

of a Muirhead x-y system of transfers that satisfies both Property NT and

Property D: x<y and

Rl=1; x<y and |Ry|=1; x<"y. Proposition 1.1 is

superseded by Theorem 3.1.
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4. Discussion.

The transformation of some n-vector x into n-vector y at constant sum can
easily be represented in a flows-in-network framework. In this section we look at
the results of the previous sections from that point of view. We broaden the
perspective and start with the more general set-up of considering transfers ( ze.
tflows) that need not satisfy the condition that they are Muirhead transfers (see
Definition 2.1) and we are first interested in the minimal number of transfers
needed to reach y from x. We show that our results of the previous sections on

this matter are closely related to this problem.

From the theory of network flows, we shall specifically mobilize the Minimum
Cost Network Flow Problem (MCNFP) and relate it to systems of transfers. We
shall in particular show that the upper bound of d(x,y)-1 transfers that appears in
several of our results is the best possible one in general. The MCNFP formulation
of transfer systems also provides an alternate way of proving Theorem 2.2. In
addition, Mixed Integer Programming (MIP) formulations for addressing explicitly
the problem of finding the minimum number of transfers for specific instances of
x and y are also presented. The results from the theory of networks will be
quoted without proof. Refer to Hillier and Lieberman (2001) for a detailed
discussion of the MCNFP, the Transportation Problem, MIP and the Fixed

Charge Problem.

Definition 2.1 of x-y system of transfers is very broad, and if fact, it allows for an
infinite number of transfers by not excluding the possibility of performing many
transfers between a particular pair of persons. To simplify the discussion we

introduce the notion of a sizple x-y system of transfers.
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Definition 4.1. An x-y system of transfers is sizple if for any i # j it contains at

most one transfer from 7 to .

Whenever there are multiple transfers from i to ; one can sum the amounts of
the individual transfers and replace the set of transfers by a single transfer and
obtain a simple x-y system of transfers. The transformed system will transfer the
same amount of income but will perform the same or a smaller number of

transfers.

The (uncapacitated) MCNFP considers the shipment of a single commodity in a
network with 7 nodes and a set of arcs 4. An arc from node 7 to node ; is

represented by the ordered pair (7, j). In general 4 is a subset of the set of all

possible ordered pairs (7, ) where i,je N. Each node has supply s,, i=12,...,n

(demand is represented by a negative number) where "5, =0 . One is able to ship
a non-negative amount z, at a unit cost ¢; on arcs (i, /)€ 4. The z, are known as

decision variables and their values are known as flows. The objective of the

problem is to find the flows that minimizes the total cost ) ¢z, subject to the
(i.)eA

conditions that the flow at each node is balanced, that is, total flow out of node 7

minus the total flow into node / must equal the supply at node 7 or,

4.1) Z Zy — ZZ,Q. =s, for i=12,.,n.

k:(i,k)eA ki(k,i)eA

Finding a simple x-y system transfers can be formulated as a MCNFP on 7 nodes.

We call our formulation T (x,y). For ie N,node i has supply s, =x, — y,, it is clear
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that the total supply is zero. The set of arcs is defined to be 4 ={(,/)|i,je N,i# j}.
We are interested in establishing the correspondence between x-y systems
transfers and feasible solutions to T(x,y) so the objective function plays no role
here and therefore we can set the unit cost to be zero for all arcs in 4. We can

establish the equivalence between feasible solutions to TS(x,y) and simple x-y
system of transfers. First we note that z,, the flow on arc (i, j) € 4 is nonnegative
and involves two different nodes, so it corresponds to a transfer from person i to

person ;. Since for ie N, s, =x, —y,, equation (4.1) can be restated as:

(4.2) Vi=X— Dzt Dz
}

keN\li keN\{i}
that is, starting with income x, for person i and after accounting for all the
transfers from i and transfers to i, person i is left with income y,. Thus, the

flows on the arcs (i,j) e 4 of any feasible solution of TS(x,y) correspond to a
simple x-y system of transfers. Conversely, given a simple x-y system of transfers

we can set the flow on arc (i, j)e 4 to the amount transferred from i to ;. Note

that s, >0 if and only if x, >y,. Since a simple x-y system can always be found

(one can always transfer all of x,—y, from all /'s with x, >y, to person 7 and then

transfer the required amounts to persons 2 to 7#), TS (x,y) is always feasible. TS (x,)

for x and y of Theorem 2.2 is shown in Figure 2.

We now illustrate several solutions to T:(x,y) for a number of x-y pairs. The
solutions will be represented by an nxn matrix Z =(z,). Variables with value zero
are generally omitted. The ones that are included serve only to distinguish among

the rows and columns of Z. We will refer to these solutions in the discussion that

follows. A summary of their properties is given in Table 4.1.
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Example 4.1. Let #» =4, x=(20,15,1,5) and y= (2,4,16,19), as in Theorem 2.2.
The system of transfers given in Example 2.3 corresponds to the following

solution of TS§(x,y), depicted in Figure 3.

0 0 14 4

1 10
Z, =

In addition, we give two other feasible solutions of TS (x;y):

0 18 0 0 15 3
15 14 11

zZ,= and Z,=
Z, corresponds to the system of transfers of 18 units from 7 to 2, 15 units from 2

to 3 and 14 units from 2 to 4; Z, corresponds to the system of transfers of 15 units

from 7 to 3, 3 units from 7 to 4 and 11 units from 2 to 4.

Example 4.2. Let 7 =4, x=(1,5,10,12) and y = (4,6,8,10). We consider 3 different
solutions of TS (x,y):

Z,= , Z.,= and Z,= L5 05

1 1 2 1.5 05

Example 4.3. Let n=4, x= (4,1,7,17) and y = (3,6,8,12). We consider one solution
of TS (x):

(transfer 1 unit from 7 to 2, 4 units from 4 to 2 and 1 units from 4 to 3).

Performing the transfers in this order yields a sequence of three Muirhead
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transfers.

We first focus on Property NT and start with general x-y systems of transfers

(Definition 2.1). Our first result is elementary.

Proposition 4.1. Let x,yeR" and >y, =>"y, . There exists an x-y system of

transfers that satisties Property N'T.

Proof. Wl.g. we can assume that all persons with unchanged income are deleted a
priori and thus n=d(x,y). Itis well known that if (uncapacitated) MCNFP has #
nodes then a feasible solution is basic if and only if it contains at most n—1 arcs
with positive flow and this set of arcs does not contain a cycle. Furthermore, one
can always find an optimal solution that is basic. Since TS(x,y) is feasible and

bounded, it has an optimal solution so the result holds. gy

Solutions Z,, Z,, Z,,Z; and Z, satisfy Property NT and do not contain a cycle.

Proposition 4.1 shows the existence of an x-y system of transfers with at most
d(x,y)-1 transfers. In fact, in most situations, the number of transfers is exactly
d(x,y)-1 and it falls below this bound only when degeneracy is present. In this
formulation, degeneracy is equivalent to having a proper subset L = N where the
total supply in L sums to zero (sum of initial and final income for personsin L are
equal). If such a subset exists, the problem can be partitioned into two,
considering the two sets L and N\L separately and thus reducing the number of
transfers by one. An example of degeneracy is as follows: x = (10,20,30,40); y =
(11, 19, 31, 39). Obviously y can be reached from x in only two steps, by

transferring, for example, one unit from 2 to 7 and the same from 4 to 3, but we
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have in fact two problems: x* = (10,20); y*= (11, 19) and »* = (30,40); y* = (31,

39). However, when degeneracy is not present, the minimum number of transfers

is exactly d(x,y)-1, so that the result is the best possible general one.

Since the transfers in a Muirhead system are more restrictive than the ones we have
considering, we can conclude that the above bound is the best possible one for
Muirhead transfers as well. It is not surprising that the propositions in Sections 1,
2 and 3 all consider this bound. However, as shown in Corollary 2.2, in general the
condition x <y is not sufficient to guarantee the existence of a Muirhead x-y
system of transfer that satisfies Property N'T. Theorem 2.1 shows that property

NT is satistied by some Muirhead x-y system of transfer if x <y and either /=1

R
or |Ry|=1; Theorem 3.1 shows that it is also satistied if x<”y (see Solutions
Z,and Z,), but certainly neither of those conditions is necessary, as shown by

Solution Z, of Example 4.3, where x <y holds but none of those conditions

does.

It is interesting to note that the exclusion of cycles from system of transfers
implies that the total number of transfers is at most d(x,y)—1. This follows from

properties of trees and forests (graphs with no cycles).
Corollary 4.1. Let Bc {1,2,..,n} with g elements. An x-y system of transfers
produced by Theorem 2.1 or by Theorem 3.1 contains at most ¢ -1 transfers (i, )

where 7 and ; are in B (known as B-transfers).

Proof. Let Bc{12,..,n with g elements. Note that whenever a transfer is
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performed, one of the persons involved will reach his income in y so that he will no
longer be involved in future transfers. Suppose the system contains g -1
B-transfers. After we perform ¢ -1 B-transfer, B will contain at most one person
who is eligible to participate in future transfers, thus there will be no more

B-transfers. =

To illustrate, consider the set of transfers in Example 3.2. If B = {3,4,5,6}, then
the system of transfers in this example contains three B-transfers. Note that the
conclusion of Corollary 4.1 is equivalent to excluding cycles, so in effect the
procedures given in Theorems 2.1 and 3.1 produce sets of cycle-free Muirhead

transfers that satisty property N'T.

Recall that the pair x-y 1in Example 4.1 was the one used to provide a

counter-example to Proposition 1.2. Solutions Z, and Z, are examples of x-y

systems of transfers that contain 3=n-1 transfers. However, they are not
Muirhead x-y systems of transfers. An alternate approach to proving Theorem 2.2
is to enumerate all basic feasible solutions of T:§(x,y) and show (by enumerating all
3! permutations) that none of them can generate a system of Muirhead transfers.
Table A.2 in the Appendix lists all 16 basic feasible solutions of TS(x,y), none of

which can give a system of Muirhead transfers.

We now consider Property D as well. Solutions Z,, Z,, Z,, Z, and Z, satisfy this

property. Itis clear thatin any x-y system of transfers a person who is richer in x
must be a donor in at least one of the transfers and similarly a person who is richer
in y must be a recipient at least once. Therefore, in order for Property D to hold

one must impose conditions a priori on the set of transfers so that a person who is
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richer in x can only be a donor and a person who is richer in y can be only a

recipient. This can be accomplished by formulating a MCNFP called TP(x,y). Let

the set of nodes be N, with supply s, =(x, -¥,), i=12,...,n. It is clear that s,>0
for ieR,; s,<0 for iepR, and the total supply sums to zero. The only arcs that
are included are from persons in g, to persons in R,, so here the set of arcs is

A={(i,j)|ie R:,j€R,}. The unit cost again is irrelevant and can be set to zero.

Proposition 4.2. Let x,ye®" and > 'y, =>""y . Then there exists a x-y system

of transfers that satisfies Property NT and Property D.

Proof. We can assume u./g. that all persons with equal income have been deleted
and that n=d(x,y). Note that TP(x,y) is the MCNFP formulation for the standard

(uncapacitated) Balanced Transportation Problem with suppliers in the set g, and
customers in the set g,. Itis well known that this transportation problem is always
teasible and thus TP(x,y) 1s feasible and by construction of A, every feasible
solution satisfies Property D. Furthermore, by employing the same arguments as

in Proposition 4.1, TP(x,y) has a feasible solution that satisties Property NT and

the set of arcs of the solution does not contain a cycle.

Solutions Z,,Z, and Z, satisfy both properties NT and D. Note that requiring the

x-y system of transfers to satisty Property D in addition to Property N'T does not
affect the bound on the total number of transfers. The bound d(x,y)-1 is still the

best possible general one.
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Looking back, one can see that our results of Section 2 basically show that adding
to the premises of Proposition 4.2 the condition that x < y does not allow one to
strengthen its conclusion by replacing “x-y systens of transfers” by “Muirhead x-y system
of transfers’. However Theorems 2.1 and 3.1 show that some stronger conditions

are sufficient.

Properties NT and D are in general independent properties of x-y systems of
transfers. For example solutions Z, and Z; satisfy D but not NT, solutions Z,
and Z, satisty N'T but not D, and finally, solution Z,,Z, and Z, satisty both

properties. For the sake of completeness, we now establish the stronger fact that

they are independent properties of Muirhead x-y systems of transfers even when

x<"y holds. Solution Z, is an example where Property D holds but not Property
NT, solution Z; is an example where it is the opposite. In both cases, x<"*y holds

and the solution is a Muirhead x-y system of transfers. Note that solution Z,

(Example 4.3) describes a Muirhead x-y system of transfers that satisfies Properties
NT and D but the conditions of neither Theorem 2.1 nor Theorem 3.1 are

satistied. This illustrates that while sufficient, they are not necessary.
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Table 4.1
“x<a™y” or
Solution eithex: |J;X| i 131(1;1 f)roperty lz;operty Muirhead

Ry =17
A No Yes No Yes
Z, No No Yes No
Z, No Yes Yes No
Z, Yes [x<"y] | Yes Yes Yes
Z, Yes [x<"y] | No Yes Yes
Z Yes [x<"y]| Yes No Yes
Z, No Yes Yes Yes

We conclude this section by considering the direct strategy of determining exactly
the minimum number of x-y transfers needed to reach y from x. This approach
is meant to give the exact number for a particular pair x, y; for example, it would for
example give a number of transfers smaller than d(x,y)-1 if there is any degree of
degeneracy. We then consider Muirhead x-y systems of transfers, assuming x <y .
Note that for Muirhead transfers degeneracy (as defined above) may not
necessarily play a role. In both cases, we use a MIP (Mixed Integer Programming)

formulation.

For a given pair x, y, finding an x-y system of transfers can be accomplished by
solving T§(x,y). This can be done efficiently using the network simplex algorithm
and the optimal solution will satisfy Property NT. However, when degeneracy is

present, there is no guarantee that the solution will have the minimum number of
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transfers. Note that detecting degeneracy in advance and partitioning N into the
maximum number of subsets where each subset has total supply zero is
computationally complex (in computational complexity terms it is known as
NP-hard; see Garey and Johnson (1979)). The (NP-hard) problem of finding an
x-y system of transfer with the smallest feasible number of transfers can be
tormulated as a MIP known as the Fixed Charge Network Flow Problem. We
consider the network defined for T (x,y) [or TP(x,y) when requiring Property D].

For each (i, j) e 4 a binary variable w;, is introduced. It will have the value 1 if

there a positive flow from i to ; and will have the value 0 otherwise. The

formulation FCTS(x,y) is:

Min Z w;

(i.))e4

subject to:
z Z, — szi =s, fori=12...,n
k:(i,k)ed ki(k,i)ed

z;, <Mw, for (i,j)e 4
z; 20 forall (i,j)e 4 and w; €1{0,1} for (i,j)e A4,

where M is a large number (for example M =3 x, -y, |). The objective function

counts the number of arcs with positive flow. The first constraint guarantees that
the flow is balanced (see MCNFP) and the remaining ones insure that the flow on
arc (i,j) € A can be positive only if w, =1, (which is then counted in the objective

function). Note that FCTS(x,y) 1sa MIP and solving it to optimality is much

more time consuming than doing so for T:§(x,y).

We now turn to the case of majorization. Although solving FCTS(x,y) provides a

lower bound for the number of Muirhead transfers, we present a MIP formulation
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to find the minimum number of Muirhead transfers that are required to reach y
from x when x<y . Note that one can always reach y from x through no more
than 2n-2 T-transforms (Theorem 2.3). The MIP will consider the T-transforms
sequentially and consider the k-th transform as the k-th step, thus the set of

possible steps is K ={12,...2n—-2} . We define the set of all possible pairs

A={G ))|i#j;i,j€Nj.

We define the following decision variables:

w, for (i,j)e 4 and ke K 1 if the k-th transfer is from i to

0 otherwise

ty for (i,j)ed and ke K amount transferred from i to jin k-th step
z, forie N and ke K\{2n-2} income of person i after transfer £.
(2, ), is the vector of incomes at step 4.

For notational convenience we define the constants z, =x, and z,,,, =y, for

ieN. We will also define the constant M which is largest possible difference in
incomes for the initial and all intermediate vectors, thus providing an upper bound

on the size of any Muirhead transfer. It is clear that the largest difference is found

in the initial vector x itself andis: M =x, —x, .
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Consider the MIP formulation MNT(;,,.A4):

Min Z Zwijk

keK (i,j)ed
Subject to:
4.3) ZWW{ <1 for keK
(i,j)ed
(4.4) tiw < Mwy, for(i,j)e A and ke K
(4.5 tw < M(A-wy)t+ z,,  —z,,, for(i,j)e 4 and ke K
4.6 z,=z. ., T t, for jeN and keK
Jk Jok=1 1k
ri(r,j)ed
4.7) Zu=Zig — Db forieN and keK
ri(i,r)
wy € {01} and 7, >0 for(i,j)e 4 and ke K
z, unrestricted forieN and ke K\{2n-2}.

Constraints (4.3) guarantee that at each step at most one transfer is performed.
Constraints (4.4) insure that if the pair (i, /) 1s not chosen as the transfer pair in

step 4, no amount will be transferred from i to ;. If atstep £, the transfer from

i to ; is chosen, then w, =1. Substituting into (4.5) we obtain the upper bound

for this transfer, namely, the difference between income i and income ; of the

vector in step k—1. Since ¢, 20, (4.5) forces w, =0 whenever the income of

person i is smaller than that of person ;(in step £—1). Equations (4.6) and (4.7)
guarantee that the sequence of Muirhead transfers starts with x, (k=0) and
terminates with y (k=2n-2). Also, at each intermediate step, (4.6) and (4.7)

compute the vector of incomes after the " transfer. The objective function

35



Economics Programme University of Macan

minimizes the total number of transfers. Note that since the objective function

minimizes the sumw, , transfers of value zero will not occur in any optimal

solution. Whenever x <y, MNT{(x,5A) is feasible. However, the number of

binary variables is O(n"), rendering it challenging to solve.
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5. Conclusion

Muirhead’s Lemma is central to the foundations of the measurement of income
inequality. It says that if income distribution y Lorenz-dominates income
distribution x and both distributions contain the same amount of total income (x
majorizes )), then y can be reached from x through a finite number of transfers
trom richer to poorer persons that do not go beyond a permutation. We call such
transfers Muirhead transfers. The Lemma is fundamental to validate basic ideas in
the evaluation of income distributions, for example the suitability of comparing
Lorenz curves to rank income distributions or the use of Schur convex functions

to measure income inequality.

The economic literature has contributed two refinements to Muirhead’s Lemma.
Fields and Fei (1978) essentially showed that, if x and y are similarly ordered,
then there exists a sequence of Muirhead transfers leading from x to y that
contains at most one fewer transfer than there are persons whose income is
differentin x andin y (Property NT). Bossert and Fleurbaey (2002) showed that
if x majorizes j, there exists a sequence of Muirhead transfers leading from x to
y that contains only transfers from people richer in x thanin y to people richer in
y than in x, or equivalently, a sequence in which no-one is both a donor and a
recipient (Property D). Such a sequence of transfers can also be shown to

minimize the total amount of income transferred.

Marshall and Olkin (1979) claimed that the conclusion of Fields and Fei (1978)
tollows even without the assumption that x and y are similarly ordered. An
examination of Marshall and Olkin (1979)’s proof shows that what they actually

establish is in effect equivalent to Fields and Fei (1978)’s result, ze. they assume in
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their proof that x and y are similarly ordered. We provide a counter-example for
n = 4 to show that it is not simply a matter of the claim being in need of a proof:

the claim is false.

We present three sets of new sufficient conditions for the existence of a sequence
of Muirhead transfers that satisties Property NT. In particular, we show that a
sufficient condition for Property NT to hold is that there exists between x and y
a binary relation that we call second-degree Pareto dominance. It seems to have
some interest of its own and to be worth studying further. The result of Fields and
Fei (1978) becomes a particular case of ours. Note that we further show that if
second degree Pareto dominance holds, then there exists a sequence of Muirhead
transfers that satisfies bozh Property NT and Property D. The earlier results dealt

with one of those properties only.

Finally, we re-visit the problem of characterizing systems of transfers in a broader
perspective, ze. without as well as with majorization, with the tools of
tlows-in-networks theory, and we show that the bound on the number of transfer
that we have reached is the best possible general one. Those tools further give us
an alternative way of proving our counterexample to Marshall and Olkin (1978)’s
claim; they are also used to show that our conditions are sufficient but not

necessary.
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APPENDIX
Proof of Lemma 2.1.

We assume that all persons with unchanged income are deleted a priori. Since x
and y have the same sum, we have D7 (x,-y)=0. Also, X' |x-y| =

D —y)+2 (v, —x)+ Y (x,—y,), where the last term is zero. Simplifying and
i€R, i€R,

combining terms we have > |x-y| = 2> (x,—y). Thus > |x-»|/2 =

i€R,

Y (x; —y;) which is the total amount by which the incomes of the persons in g,

I€R,
are larger in x than in y. Consider any set of transfers 7, 20, i,je N, i# j. For
notational convenience we define #,=0 for ieN . For 4,BcN , we let

t1(4,B)=>>"t, . The value #(4,B) >0 is the total amount transferred from the set 4

i€cA jeB
to the set B. In particular #(N,N) > #(R ,N) where the first quantity is the total
amount transferred in the system and the second is the total transferred from all
the persons in R,. Every person i e R, must transfer a net amount equal to x, - y,,
so that the total out of i is at least that much. Therefore, summing for ie R, we

have

(N, N)Z R, N) 2D (x,=p) = 2 lx—v)/2

i€R,

which establishes the second half of the Lemma.

Assume that the total amount transferred by the system is «(N,N) = > |x,—»]/2.

Any x-y system transfer must satisfy the condition that the net amount transferred

from R, to R, is exactly that amount. Thus we can conclude that

(A1) {(R.,R,)) > Z;

xi_yi|/2
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But we also have,

(A.2) t(N,N) = t(R.,R) + t(R,R)) + t(R,,R) + t(R,,R,)

Combining the hypothesis, (A.1) , (A.2) and the fact that all the terms are

non-negative, we can conclude that #R,R) = )

xi—y|/2 and «R,,R) =

i=1
t(R,,R,) = t(R,,R,) = 0. Thus all transfers are from persons in R, to personsin R,

and Property D holds.

Assume now that Property D holds. It is obvious that the set of donorsis R, and
the set of recipients is R,. Since Property D holds, all the transfers in the system
are from ie R to jeR , thus we have that «(N,N) = «(R,R,) and #(R,R)=
{(R,,R,) = t(R,,R))=0. Inany x-ysystem of transfers, the net amount transferred
from R, to R, must equal the total amount by which the incomes of the persons in
R. arelargerin x thanin jy, or mathematically, #(R,,R,) - t(R,,R,) = > |x,—y|/2.

Since #(R,,R,) = 0, we have

Do -y|2 = wr.R) = (NN,
The proof of Theorem 2.1 employs the following Lemma.

Lemma A.1. If x<y,then ) x, = >y, forall k=12,.,n—1 and in particular,

i=k+1 i=k+1

Xy 2 Vi fori=12,...,n.
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k k n n
Proof. If x<y, then > x, <>y, for all k=12,.,n-1 and =) x, <>y, .

i=1 i=1 i=1 i=1
Summing gives the first desired result. When k=n-1, we have x>y, and the

second part of the result is immediate as y,,, >y, for i=12,..,n.

Proof of Theorem 2.1.

By deleting all persons with unchanged income a priori, we can assume that

n=d(x,y). Assume w./g. that y is increasingly ordered.

Case I:

RJ=1. Assume that g, ={r}. It is clear that transferring the amount

y;—x, from r to i forall ieR, isa system of n—1 transfers where the only donor

is person r and therefore Property D holds. We will show that if these amounts

are transferred first to the person in R, who has the largest income in x;, and then
to the person in R, who has the second largest income in x, and so on, then the
sequence is a Muirhead system. Since x, <y, for all ie R,, and x, > y,, by Lemma
A.1 we have that x,, =x,, and x, > y, for all ie N, that is the donor is the richest
person. Choose the recipient k to be the richest person in g,, thatis, x,, =x,.
Transfer the amount § =y, —x, from r to k. It is clear that after this transfer,
person k will have his final income of y,, and since x, >y, this is a Muirhead

transfer. The income of donor r will drop to x, —(y, —x,). We now show that the

income of person r after the transfer is still the largest with the possible exception

of person k. Re-arranging the equality ixi = Z y, we have

i=1 i=1

41



Economics Programme University of Macan

(A.3) X, = =x) =y, b D -x).
ieN\{k,r}
n-2
But since x,, =x, and x,, =x,, we have > x, =) x,. For geN\{k}we have
ieN\{k,r} i=1

n-2
that y, + > »,= y,+ D» = y,+ D>y, where the last inequality follows from

ieN\{k,r} ieN\{k,q} i=l

the fact that the sum of a subset of size n—-2 of the vector y is bounded below by
the sum of the n-2 smallest elements. Combining the equality for x and

inequality for y with (A.3) we have

(A4) X (e —x) >y, + iy(i) _ixm >y, forall geN\ik)

where the last inequality in (A.4) follows from Definition 1.1. Since y, > x, for all
ie N\{k,r}, we have

(A.5) x,—(y,—x,)>x, forall ie N\{k,r} and x, —(y, —x,) > y,.

We can now replace x by x' where x/=x, for i#r and x/=x,—(y,—x,). Since
person k has reached his final income y,, we can delete component £ from
consideration and obtain two vectors x,y e R, x" =(x],..., x|, X}, 5 X,) and

Y =(Visees Virs Vision ¥,) - 1t 18 clear that if x" =" there is only one person with

income larger in x* than in y°, and the opposite holds for the other persons. By

(A.5) we have that

(A.6) X, =x, fori=12,.,n-2.

Also, it is clear that

(A7) ,«Zp;‘y“) < ,Zp;‘y;) for p=12,.,n-2.

Combining (A.6), (A.7) and the fact that x <y , we have
(A.8) lix;) = iix”) < gym < liy;) for p=12,.,n-2.

To account for the deleted person & and the amount transferred from person r
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we have

(A.9) tzlllx; =(§xlj— (e + (0 —xk))z(il‘,x,-j ~ ¥y = (Zl‘,yj -y = Zj:y :

Thus by (A.8) and (A.9), x" <y". Unless x" =" the pair x” and y" has exactly one
person with income larger in x* than in y°, so the procedure can be reapplied.
Note that after n—1 transfers are applied, the resulting x™ and y” will both be
vectors of size one and by the fact that x” and y* have the same sum throughout

the procedure, x = y". Therefore, the number of transfers is n-1.

Case II: |g|=1. Assume that R ={k}. Itis clear that transferring the amount

x,—y, from i to k for all ie R, is a system of n—1 transfers where the only

recipient is person k and thus Property D holds. We will show that if these
amounts are transferred first from the poorest person in Rr,, followed by the next

poorest, and so on, then the sequence is a sequence of Muirhead transfers. Since

x, >y, forall ie R, and x, < y,, by Definition 1.1 we have that x, =x, <y, thatis

b
the recipient is the poorest person. Choose the donor r to be the poorest person in

R., thatis, x, =x,. Transfer the amount § =x, —y, from r to k. It is clear that

after this transfer, person r will have his final income of y, and the income of

recipient k& will increase to x, +(x,-y,). Since x, <y, <y, holds, by adding

(x, —y,) we obtain x, +(x, —y,) <x, so this is a Muirhead transfer. We now show

that after the transfer, the income of person k is still the smallest with the possible

exception of person r. Rearranging the equality ixl. = z y, we have

i=1 i=1

(AlO) xk+(‘xr—yr):yk+ Z(yi_xi)'

ieN\{r,k}

n
But since x,, =x, and x, =x,,wehave > x,=>x, . For geN\{r} wehave that
ieNV(r k)l i=3
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Vet DV = v+ Dy <y, + .y, , where the last inequality follows from the
i=3

ieN\{r,k} ieN\{r,q}

fact that the sum of a subset of size n—2 of the vector y is bounded above by the
sum of the n-2 largest elements. Combining the equality for x and the

inequality for y with (A.10) we have
A11) x, +(,-y) < v, + Y - x, <y, forall geN\{r)
=3 =
where the last inequality in (A.11) follows from Lemma A.1. Since y, <x, for all
ie N\{k,r}, we have
(A.12) x, +(x,—y)<x forall ie N\{k,r} and x, +(x, -y, ) <y,.
We can now replace x by x' where x] =x, fori=k and x, =x.+(x.—y,). Since

person r has reached his final income y,, we can delete component r from

! !

consideration and obtain two vectors x',y e R, with x"=(x],...,x\ ,x\, 0 x))

and ¥ = (s ¥, Vs d,) - 1tis clear thatif x™ = y", there is only one person who

has less income in x" thanin y", and the opposite holds for the other persons. By

(A.12) we have that

(A.13) Xy =Xq + (X —y,) and x;, =x,, for i=23,.,n-1.
Since y is increasingly ordered, (y)s s Vo)) = Viseeos Voots Vyuroen V) - Using (AL11) we

can conclude that x;, < y; . By (A.13) and Definition 1.1 we have that

b4 ptl p+l P
Zx(*i) = (Zx(i)j—yr < (Zyi]—yr < Zy(*l.) for 2<p<n-2.
i=1 i=1 i=1 i=1

Note that the last inequality is an equality when r < p+1, and otherwise, ze. when

r> p+1, the inequality holds since as y is increasing, y,,, -y, <0. Therefore we

have x" <y”. We can now employ the same arguments as in Case I to show that
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the procedure will require exactly n—1 steps to reach y from x.

Proof of Theorem 2.2.
Note that x° and y° have integer elements. We first restrict the search space by

examining only integer-valued transfers. Since n =4, the total number of possible

pairs (j,k) 1s 6. We will enumerate all the possible vectors x' that can be reached

from x° in one step where x' < y’and then argue that the number of additional

transfers is at least three. Note that if x' < )’ does hold, then )’ cannot be

reached from x' and thus x' need not be considered. In order to argue that the

number of additional transfers is at least three, we will consider the vector

d=%-y" where ¥ is an intermediate vector, obtained from x° after a sequence of

transfers (reaching »° is equivalent to sequentially reducing the number of

non-zero components of 4 to zero). Since a Muirhead transfer involves two
indices, at most two components of the vector 4 can become zero after one
transfer. But a simple algebraic argument can be employed to show that a

necessary condition for two components of 4 to become zero after a transfer of
8 >0from j to & isthat d, +d, =0. Thus, if no pair (j,k) satisfies this condition,
the number of components that can become zero is at most one. Furthermore, if
the number of non-zero components of 4 is 3 at least two additional transfers are

needed. Combining the two observations we can conclude that if the number of

non-zeros component of the vector 4 is 4 and there is no pair (j,k) with the

property d; +d, =0, the number of additional transfers is at least three. We

enumerate all the feasible values of x' and summarize the result in Table A.1:
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Table A.1

From |To (k) |Units | x' d #H

0 ©) additional
transfers
needed

1 2 1 19,106,1,5 |17,12,-15,-14 | =3

1 2 5 15,20,1,5 | 13,106, -15,-14 | >3

1 3 19 1,15,20,5| -1,11, 4, -14 >3

1 4 15 5,15,1,20| 3,11 ,-15,1 >3

2 3 14 20,1,15,5 | 18,-3, -1, -14 >3

2 4 10 20,5,1,15 | 18,1, -15,-4 >3

A 3 1 20,15,2,4 | 18,11, -14, -15 >3

A 3 4 20,15,5,1 | 18,11,-11,-18 | =>2

Table A.1 shows that in all but the last case the number of additional transfers that
is needed is at least three (so the total is at least four). To complete the proof we

need to show that despite the fact that x' in the last case satisfies the necessary

condition d; +d, =0, the vector (2,4, 16, 19) cannot be reached from x' = (20, 15,

5,1) in two transfers. Following the arguments we stated above, in order to employ

a total of two transfers when the number of non-zeros of 4 is 4, we need to use a

pair (j,k) that satisfies the property d, +d, =0.
Case a: j=2, k=3. In this case § can be at most 10 and since " = (2, 4, 16, 19),
we must transfer 11 units from 2 to 3 in order for d, = d,= 0, thus at least three

additional transfers are needed in order to reach y° from x'.
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Case b: j=1, k=4,6=18. The resulting vectoris »*= (2,15,5,19). However, as the
property x* < y° does not hold, y° cannot be reached from »*, so x* cannot be
considered. Therefore, at least 3 additional transfers are needed in order to reach

y<> from x'.

Note that the above example considered only integral values for the number of

units transferred, 5 . It is possible to show that in general, if both y° and x° have

only integral components and y° can be reached from x° in » transfers, one can

construct a sequence of 7 transfers where all the intermediate vectors have only
integral components. However, for the sake of brevity we will not prove this here,
and it is not absolutely necessary. The example under consideration has the
property that the set of choices for feasible x' is fairly restricted and thus one can
consider all real values for & . This change will only apply to the first and seventh
cases, where instead of § = 1, one will have to consider § €(0,1]. In the first case,
x=20-8,15+68,1,5 and 4= (18-5,11 + 5, 15, —14). In the seventh case,
d= (18, 11, -15 + 8, -14-8). In both cases when & €(0,1], the number of

non-zeros of 4 is 4 and there does not exist a pair (j,k) that satisfies the property

d,+d, =0 Thus the conclusion remains the same: the number of additional

transfers is at least three. m

Table A.2 contains all basic feasible solutions of T(x,y) when x= (20,15,1,5) and
= (2,4,16,19), that is, all x-y systems of transfers that satisfy property NT. The
table lists the arcs (i, /) and their flows. By simple enumeration one can verify that
none of the solutions below is a Muirhead x-y system of transfers. The table also

gives the total amount transferred (See Lemma 2.1). The total amount by which
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the persons in g, have more income in x thanin y is 29, so that only solutions 7

and 8 satisty Property D.

Table A.2

Solution | Arc 1 Arc 2 Arc 3 Total

i,)) |flow | (,j) |flow | (/) | flow | Flow
1 1,20 3 |13 |15 |24 |14 |32
2 12| 4 |14 |14 |23 |15 |33
3 1,2) 118 | (23) |15 | (24) |14 |47
4 1,2) |18 | (23) |29 | (34 |14 |ol
5 1,2) 118 | (24) |29 |(43) |15 |62
6 (1,3) | 15 1,4 114 |21 |11 40
7 131 4 |14 |14 |23 |11 29
)
8 (1,3) | 15 1,41 3 |24 |11 29
)
9 (1,3) 129 2,0 |11 | (34 |14 |54
10 (1,3 (18 | (23) |11 | (34 |14 |43
11 (1,3) | 18 24 (14 (32 | 3 |35
12 (1,3) | 18 24 (11 |34 | 3 |32
13 (1,4) 129 20 |11 |43 |15 |55
14 (1,4) |18 23 |15 |42 | 4 |37
15 (1,4) | 18 23 (11 |43 | 4 |33
16 1,4 18 |24 |11 |43 |15 |44
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Figure 1
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Figure 2

T30 w), ¥=(20,15,1 3], v=(2,4,16,19),
Supply in [].
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Figure 3

Salution £1, Flowy shovvn on Arcs
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